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I. INTRODUCTION 



Our present understanding of the quantum theory of string often relies on two approxi- 
mation schemes: in the low energy approximation (a'E 2 — > 0), we ignore the massive stringy 
excitations and work with supergravity degrees of freedom jl[ [2], y, [4], or we assume that 
the string coupling constants is small and expand all correlation functions in power series 

rind 

of g s (genus expansion) [5|, [6|, [7J . The need of a non-perturbative formulation of string the- 
ory is further hampered by another practical issue: the background independence of the 
current formulation. Like the case in quantum field theory, we are always free to choose a 
particular classical background to approximate the physical situation of interest and only 
treat the quantum effect as small corrections. A "good" choice of background implies a fast 
convergence of the perturbative expansion. But if we know how to sum up all perturbative 
series (if this is possible) for a given background, we would expect any choice of background 
should lead to the same answer. While this expectation can be partially realized in the 
context of string field theory, where one can prove the physical content are equivalent for 
two continuously connected backgrounds {§], 0, Q, one would still hope that there are more 
direct approaches to resolve this issue, in analogous to the formulation of the electroweak 
theory in the manifestly symmetric vacuum. 

Since string theory naturally includes gravity and gauge theories, we can follow the pas t 
wisdom and look for any possible symmetry principle underlying the string theory ll|, [12]. 



In the bottom-up approach, one would hope to extract such a symmetry principle based 
on the patterns in the scattering amplitudes. Nevertheless, at least within the present 
framework, any such attempt, must face the problem of background dependence mentioned 
above. For a given conformal invariant background, we need to solve for the spectrum 
of stringy excitations and calculate the scattering amplitudes separately. One can gather 
many useful information and interesting patterns from different backgrounds and various 



kinematic limits 



0, Q, H, 0, 
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However, if 



we wish to look for a symmetry principle underlying string theory, we should be able to 
relate these symmetry patterns and extract a universal property from these calculations. 
For this reason, it would be of interest to study a continuous family of conformal invariant 
backgrounds and examine the formulation of stringy spectrum and dynamics. Specifically, 
we would like to study the spectral flow of massive stringy excitations and the deformation 
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of any string global symmetry. Bosonic open string theory in the linear dilaton background 



29| is one of the simplest examples that suits this purpose and we will make a detailed 



study of its quantum dynamics in this paper. Here the gradient of the dilaton field = 
serves as the spectral parameters, (V^ = corresponds to the flat space-time) and we shall 
uncover some interesting phenomena as we turn up these moduli parameters. 

There are other independent interests for studying the string theory in the linear dilaton 
background. For one thing, this is the simplest time-dependent background for stringy 
theory, and one hope to extract useful lesson from these studies for cosmology. There are 
also calculations based on functional integral approach where the curvature at world-sheet 
boundary leads to a modified energy-momentum conservation rule. In this paper, not only 
we extend the detailed calculations to the massive stringy excitations, but we also wish 
to provide a different perspective for illustrating this issue. For this reason, we adopt the 
operator formalism in the first quantized string theory. The explicit solutions of massive 



ly will provide 
3oL 



vertex operators and the relation to the covariant quantum spectrum hopefu 
a detailed explanation of the concise derivation in the standard textbook 

This paper is organized as follows: we first review the first quantized bosonic open string 
theory in the linear dilaton background in section III Al The Virasoro constraints and the 
covariant physical state solutions are discussed in section III Bt In section 1111} based on the 
results, we write down the covariant vertex operators for each physical state, and show that 
the normal-ordered form of these vertex operators indeed satisfy the conformal algebra. With 
these explicit solutions of the vertex operators, we calculate various scattering amplitudes 
of bosonic open string excitations in the linear dilaton background. Finally, in section IIVI 
we verify the stringy Ward identities by showing the decoupling of zero-norm states in the 
stringy scattering amplitudes under consideration. 
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II. FIRST QUANTIZATION OF BOSONIC OPEN STRING THEORY IN THE 

LINEAR DILATON BACKGROUND 

A. Polyakov action for the bosonic open string theory in the linear dilaton 

background 

n 

Since our starting point is very similar to that of [29j, we shall follow the notations in 



29( closely. The Polyakov action for the bosonic open string theory in the linear dilaton 
background is given by 

S = i / d2(T V99 ab d a X(a) ■ d b X(a) + i- J d 2 a^R(a)V ■ X{a) 

dsK(C)V-X{0, (1) 



27T JdT, 

here R(cr) is Ricci scalar of the world-sheet E, «(£) is the geodesic curvature along the 
boundary of the world-sheet <9£, and = <9 M $ is the gradient vector of the dilaton field 
$. From this we can extract the energy-momentum tensor, 

T zz = -— : dX ■ dX : +V ■ d 2 X. (2) 

The string coordinates in the oscillator representation are 

X»{z,z) = a" -ia'pnn\z\ 2 +iJ-f ^{z~ m + z~ m ). (3) 

V £ TYl 

m=—oo,m^0 

The Virasoro generators of the conformal transformation is defined as the Fourier modes of 
the energy-momentum tensor T zz , 



C m = j> dzz m+1 T zz = i Y '■ a m- n a n ■ +i\J^(m + l)V ■ a m . 



(4) 



Using the basic commutation relation among oscillators, \a m , a n ] = m5 m+n , one can 
check that the Virasoro generators satisfy the following algebra relation, 

[Cm, C n ] = (m - n)C m+n + + 6a m(m 2 - l)S m+n . (5) 

Notice that the central charge c = D + 6a'V 2 includes a term which is in proportion to 
V 2 = V^Vfj, and conformal symmetry implies that we can have different space-time dimension 
D depending on the sign of V 2 (space-like V 2 > =>- D < 26, time-like V 2 < =>- D > 26). 
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Even though the effect of Liouville potential is ignored in this paper, we make an effort 
to maintain all the V 2 terms throughout our calculations. In our later calculations of the 
vertex operators and stringy scattering amplitudes, we find the following notations useful: 

1. First of all, the world-sheet time r is related to the complex variable z at the open 
string boundary as y = e tT and the derivative with respect to r is denoted as a dot 
over operators. 

2. All the operators in mathcal letters refer to bosonic open string operators in the linear 
dilaton background. Operators with capitalized Roman letters stand for bosonic open 
string operators in flat space-time. For instance: (1) the shifted string coordinates 
X^ is defined as X^ 1 = + ia'V^, (2) the Virasoro generators are separated into 
two terms, C m = L m + i^J~^-{m + 1)V ■ a m , (3) mathcal letters of vertex operators 
corresponds to bosonic open string physical state in the linear dilaton background and 
capital Roman fonts are reserved for flat space-time vertex operators. 



B. Virasoro Constraints of physical states in the bosonic open string theory in the 

linear dilaton background 

The physical spectrum of the bosonic open string theory in the linear dilaton background 



is defined similarly to that of flat space-time [3jJ, |32j. In the oscillator representation, we 
solve all possible linear combinations of creation operators acting on a Fock vacuum, subject 
to the Virasoro constraints: 

£ |$(fc)) = |$(*0)> and £»|$(*0) = °> n > L ( 6 ) 

These constraints in general lead to the generalized on-shell condition for the center of 
mass momenta, and restrict the polarization tensors to be transverse and traceless. In the 
covariant spectrum, where physical states consist of linear combinations of oscillators with 
various polarization tensors, Virasoro constraints implies lower spin polarization tensors are 
given by the projections of higher spin polarization tensors. In this paper, we shall focus on 
the physical states up to the first massive level, and we shall use capital letter to represent 
the particles. For instance, the tachyon state (T) is defined as 

|r(*)) = |o,*>. (7) 



The C condition 

Co\T(k)) = {^a 2 + iyJ^V ■ a ) |0, k) = 0, (8) 

together with the eigenvalue condition for ckq, a^\k, 0) = v / 2a 7 A; M |A;, 0) leads to generalized 
on-shell condition 

a' A; • (A; + iV) — 1. (9) 

The £i and £2 conditions are trivial for the tachyon state. 

At massless level, we have a photon state (P) with polarization vector ((k), 

|P(C,A;)) = C-a-i|0,A;>. (10) 
One can check that the Co condition, 

Co\P((, fc)) = (a_! • «i + • « )C • «_i|0, fc) = 0, (11) 

leads to 

a' A; • (k + iV) — 0. (12) 

On the other hand, the C\ condition 

d\P(C,k)) = (a -a! + iV2^V -a^jC-a^lO,^ = 0, (13) 

gives the generalized transverse condition, 

(■(k + iV) = 0. (14) 

The £ 2 condition is trivial for the photon state. 

At the first massive level (M), we have a tensor particle with spin-two, and it is written 

as 

\M(e^,k)) = (e^o^a^ + e^yiO,*;). (15) 
The generalized on-shell condition, as derived from the C condition 

C \M(e lxl/ , k)) = • a x + a_ 2 • a> 2 + i \j^ v " «o) (e^a^a^ + e^at^j |0, k) = 0, (16) 
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is 



oik ■ (k + iV) — 1. (17) 

The £i conditions 

A|M(e^, fc)) = (ct ■ at + a_i ■ a 2 + zv 7 ^ 7 ^ • «i) (e^a^-i + e M c£ 2 ) |0, k) = 0, (18) 
implies the polarization vector, e M , can be written as a projection of the spin-two polarization 



tensor e^, 



V^V(fc" + iV") + = 0. (19) 

For this reason, we suppress the e M dependence in the notation of M(e /JiV , k). Finally, the £ 2 
conditions, C2\M(e IM/ ,k)) = 0, 



(ai ■ ai + a ■ a 2 + 3i^^-V ■ a^j (e lu ,at 1 o^_ 1 + e^at^j |0, k) = 



(20) 



gives 

e^rT + \/2tfe» (2P + 3iV>*) = 0. (21) 

Substituting e M from Eq. ffl9l to Eq. fT2TT) . we get 

2a V (F + it"*) (2jfe" + 3«V) - e^r^ = 0. (22) 

Note that all of these relations contain explicit dependence on the linear dilaton gradient 
V 11 , and one can verify that as goes to zero, we recover the previous results on physical 



spectrum for bosonic open string in flat space-time [32] . Consequently, it is natural to treat 
V 1 as moduli parameters and identify the solutions to the Virasoro constraints as a spectral 
flow. In addition to the interpretation of physical spectrum deformation (as a function of 
V 11 ), it is also crucial to emphasize that the inner product in the one string Fock space in 



the linear dilaton background is also deformed. Here we follow the prescription in 



29J and 



define the inner product for the center of mass degrees of freedom of any stringy excitation, 

(k'\k) = (2tt) D 5 {D) (k'* - k-iV). (23) 

In our later derivation of the vertex operators, we shall see that how the requirement of the 
conformal invariance, in the form of conformal algebra, Eq. (1391) . will naturally reproduce 
the physical state conditions, Eqs.®, (fT2l), (fT4j), (fTTj). (|T9|). (|2T|). 



8 



C. Zero-norm State Spectrum of the Bosonic Open String Theory in the Linear 

Dilaton Background 

Having derived the Virasoro constraints of physical states in the bosonic open string 
theory, it is natural to look for explicit solutions to these algebraic relations and to identify 
a set of basis for physical states at a given mass level. Fortunately, for our present purpose, we 
do not need these explicit solutions for calculating stringy scattering amplitudes or proving 
stringy Ward identities. However, for the verifications of stringy Ward identities, we need 
the explicit form of zero-norm state polarization tensors up to the first massive level, which 
we discuss in the following: 

At massless level, we have a type I singlet states 

\Q)=£- 1 \0,k) = (k-a- 1 )\0,k), (24) 

with a'k- (k + iV) = 0. If we identify the momentum k as polarization £, then it is clear that 
the C\ condition is the same as the Co condition. One can also check that the normalization 
of this state is zero, if we assume the modified inner product, 

= (0,ifc / |(jfc*-ai)(A;-a_i)|0,jfc) 

= (k'* ■ k-)5{k'* - k - iV) = k ■ (k + iV) = 0. (25) 
At the first massive level, we have two types of zero- norm states (ZNS): 
• Type I vector ZNS 

dM^C-ifaat^k), (26) 

where the "seed state" \x) = e • ai-i|0, k), satisfies the following conditions, 

Cq\x) = =>> a'k ■ (k + iV) — -1 (on-shell condition), (27) 
jCi |x) — =>• e • (k + iV) = (transverse condition), (28) 

and C 2 \x) — holds automatically. If we use the oscillator representation of Virasoro 
generator, 
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we can read out the polarizations of the vector zero-norm states, 



C-i\x) = (e^aV-i + eX 2 )|0,£:>, (29) 

where = \J^{^K + e v k^). 
Type II singlet ZNS 

The type II ZNS at the first massive level can be calculated by the same formula as 
that in the flat space-time. We have 



where 
and 



\ V (k)} = (2£_ 2 + 3£ 2 _ 1 )|0,A;) 
Qa'k^k v + r}^, 



|0,fc), 



(30) 



One can check that the normalization of \<p) is 



e^(k)e*^(k') + e^k)e^(k')\ 5(k'* -k-iV) 
18a' 2 (k- k'*) 2 + 3a'k 2 + 3a'(k'*) 2 

D 2 

+ 25a' (k ■ k'*) + 5ia'(k - k'*)V + — + a'V 2 



6(k'* -k-iV). 



Substitute the on-shell condition a'k ■ (k + iV) = — 1 and a'k* ■ (k* — iV) = — 1, one 
can verify that \(p(k)) is indeed a zero-norm state for all D and V^. 

One should be careful that, in general, the choice of basis for the physical states depends 
on the kinematic set up. We refer the reader to 33J for the explicit solutions of the physical 
state spectrum of bosonic open string in the light-like linear dilaton background. 



III. NORMAL-ORDERED CO VARIANT VERTEX OPERATORS OF BOSONIC 
OPEN STRING THEORY IN THE LINEAR DILATON BACKGROUND 

A. State-operator Correspondence 

Our main goal in this paper is to solve for the covariant vertex operators of bosonic open 
string theory and use them to calculate stringy scattering amplitudes. To construct general 
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vertex operators, it is useful to recall the correspondence between states and operators in 
conformal field theory. In the oscillator representation for the one string Fock space, we 
have 

< - X"(0) . 

From this correspondence, we have the following dictionary for bosonic open string states 
and the correspondence vertex operators: 

tachyon (T) : \0,k) ~ : e ik ' x : 

photon (P) : C • a^k, 0) ~ : C • dXe ikX : 

first massive state (M) : (e^a^a^ + e^at 2 )\k,0) ~ : U^dX^dX") + e^X* 



e ik-X 



Note that the partial derivative d denote the differentiation with respect to complex world- 
sheet variable in the upper half plane d = In the strip diagram for open string world- 
sheet, we need to make a change of variable z = e lT to facilitate operator calculations (this 
also leads to some factors of i in the expression, see Eq. flU]) ). 



B. Normal-ordering of the Covariant Vertex Operators 

In the following, we first derive the descending formulae [30J among nontrivial-ordered 
operators. The key equations are Eqs. (l35l) and (|37|) . First of all, we define the mode- 
decomposition of the string coordinates: 

x" = x^ + xg + xt, 

where 

oo oo 

annihilation part of X» => X!t = V2rt V -a n e~ inT = \F2a' V -a n y~ n , (31) 

^— ' n n 

n=l n=l 

zero mode part of X» Xg = x^ + 2a'p tM r, (32) 

oo oo 

creation part of X» X^_ = -V^a'Y^ -^- n e mT = -V2d V -a n y n . (33) 

— t n / — i n 

n=l n=l 

Some of the useful commutators are collected in Appendix [A] 
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The vertex operator for tachyon (T) in flat space-time is defined as 
V T =: e lk ' x := exp (ik ■ X-) exp (ik ■ X ) exp (ik ■ X+) . 

The vertex operator for photon (P) in flat space-time is defined as 

C X 
V P = : ^=V T : 
\f2a! 

11 = • (X.V T + X V T + V T X + ) + [X$, V T ] 

- '2a' 



Here we define 



>2a 

c 



l2a 



yV Pl -d-((-k)V T 



(34) 



(35) 



= xtv T + xgv T + v T x$ 



(36) 



and Vp 1 = Vp if the polarization vector satisfies flat space-time Li condition £ • k — 0. We 
shall refer to Eq.( l35l) as the first descend formula. 

The vertex operator for spin two tensor in flat space-time is defined as 



V, 



M 



: -ELX' 1 X v Vt 
2a' 



/€ 



<2a! 



■XVt : 




xtx v _v T + xa.xgv T + X%X V _V T ^ 



+ x»x»v T + x%v T x v + + X»V T X% 
x»v T xi + x v _v T x^ + v T x^x v + j 

\x%x^ v T ] + [xl, (x» + X1)V T ] 



^2a 



= • (x_v T + v T x + ) 



'2a 



2 «' [ + (xz + x v _)[xi,v T ] 

The contribution from the commutator terms can be calculated using the formulae in Ap- 
pendix [A] The results are 

[XlX^Vp] = -a'k> M VTXl-a'k u VTX l l + a'k^k u VT, 
[X^{X» + X v _)Vt\ -- 

(XZ + Xt)[X$,V T ] = -a'k u (Xg + X»)V T 



-a'W(X» + X V _)V T - -rf v V T 

o 



After simplify the commutator terms, we get the second descending formula for the normal- 
ordered vertex operator 

'2a!k ■ e 



/a' 1 \/2a'k • f\ 

V M = V Ml - e^Vft + (y^Fr - -e^sT + u ) 



(37) 
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Here 



( X^X U _V T + XtX%V T + X%X V _V T ^ 



le 



r 2oc 



= • (X_y r + F T X + ).(38) 



+ XqXqVt + XqVjpX'^ + XqVtX^ 
+ XtV T X u + + X^VtX^ + VtX^XI j 

and Vp 1 is defined in Eq. fl36|) . Notice that the coefficient in front of Vr in Eq. fl37|) vanishes 
if we assume L\ and L 2 conditions for spin-two particles in flat space-time. However, Vm 
and Vjvfi are not the same operator in general covariant gauges. This is a new feature for all 
massive vertex operators and one should use Vm instead Vm x in the operator formalism of 
string theory calculations. 



C. Conformal Algebra of the Normal-ordered Covariant Vertex Operators 

In the calculations of scattering amplitudes (correlation functions) in any conformal field 
theory, the use of vertex operators ensures that the final results are conformal invariant. 
For string theory, in particular, we use integrated vertex operators to allow for all possible 
particle emissions (or injections) 



Here to compensate for the conformal transformation of the integration measure dr — > 
we need to impose the condition that the unintegrated vertex operator V sir j n9 (r) 
to transform like V s t r i ng (r) — > \J%fjV s tring{T) ■ Consequently, we require all unintegrated 
vertex operators to carry conformal weight ,1—1. More precisely, if we check the action of 
conformal transformation induced by energy-momentum tensor on any unintegrated vertex 
operator, we must have the following algebraic relation, 

[C m ,V string (r)] =e"(-^ + mj)v stm9 (r). (39) 

In the following, we show that the solutions of unintegrated vertex operators to the conformal 
algebra, Eq. (1391) must satisfy the Virasoro constraints. Our calculations is a straightforward 
generalization of the textbook [l| method. However, there are two new ingredients which 
deserve careful examinations: 

(1) Due to the linear dilaton background, we need to consider the shift of the string 
coordinates X^ — > . 
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(2) For the massive string excitations, the procedure of normal-ordering introduces some 
new patterns of cancelation, which to our best knowledge, has not been studied in 
literature. Hence, we believe that it is instructive to present the detailed derivations 
of the covariant vertex operators. 

The general strategy is to expand any normal-ordered vertex operators into a linear combina- 
tion of normal-ordered vertex operators with lower spins, and we can calculate the conformal 
algebra recursively. One will see how this process works in the following explicit examples. 



1. Tachyon 

The vertex operator for tachyon in the linear dilaton background is 

V t (t) = : e ik ' x{T) := e- a ' k - Vr V T (r). 

Since 



-i—Vt = e 
dr 



-a'k-Vr 



t(\ 



' (k ■ V)V T - i-^-Vt 
' dr 



and 



[C m ,V T ] = [L m ,V T ]+i^(m + l)V»[c£,V T ] 

a'mk 2 + ia'(m + l)k ■ V 
One can check that Vt(t) satisfies the conformal algebra, 



= e 



• d T T 

i—V T + 
dr 



[C m ,V T ] = e~ ak - VT [C m ,V T ] 

—a'k-Vr+imT 



■ d T T 

dr 



-a'k-Vr+imT 



a'mk 2 + ia'(m + l)k ■ V 

| _ ie -«'(k V)T^ VT j _ m , k . yy T + 



(40) 



V T 

a'mk 2 + ia'{m + l)k • V 



-i{^yr)+ m(a'k 2 + ia'k-V) V T | 



(41) 



Now, if we require that the Vt carry conformal dimension J = 1, or equivalently, 

[£m,V T ] =j mr (-i-£- + mj)v T . 
We see that this naturally give rise to the Co condition for tachyon, 

a'k ■ (k + iV) = 1. 
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2. Photon 



The vertex operator for photon (P) in the linear dilaton background is 
Vp(C;t) ee :^£e^- 



A- 



'2a' 
/2a 1 



n 7 



ik-X . 



A^Vp\-d^-(.(k-iV)V T . 



'2a' 



(42) 



Here we define A ee e - a ' k - Vr anc [ we have used the descending formula, Eq. (j42p . in the last 
line of Eq. (l42l . Here we have used the results of normal-ordered photon vertex operator and 
defined Vp and Vp in Eqs. ( l36l) . (140]) separately. 

To check the conformal algebra, we separate the commutator of Virasoro generators C m 
and photon vertex operator Vp can be separated into two terms: 



[C m , V P (£, r)] = A-^= [C m , V&] - y y C • (* - iV) [C m , V T ] , 



where 



[C m , Vp^] 



i— — h m(a'k 2 + 1) + ia'(m + l)k ■ V 

(XT 



+e imT m 2 (k fl + iV^Vr - a'e imr m(k^ - iV^)V T . 



(43) 



Now we have the first term in Eq. ff43|) as 



A-^= [An, Vp 1 = e imr [-*-?- + m(a'k 2 + ia'k ■ V + 1)1 ( A-^Vp 1 



d 



'2a' 

+e imT m 2 J^-( ■ (k + iV)V T - e imr mJ yC • (* - *V)V r , 



The second term in Eq.(j43J) can be derived from Eq.(j4T]), 
-(■(k-iV) [C m ,V T ] 

" - \j^C ■ (k - W)V T 
Combining these two terms, we find cancelation for m 1 term and 



d 

+ mia'k 2 + ia'k ■ V + 1) 

dr 



+ e mT m\j—Q- (k-iV)V T . 



[An, Vp] 



— %— — h mia'k 2 + ia'k ■ V + 1) 
dr 



V P + e imT m 2 \l-C-(k + iV)V T . 
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From this result, it is clear that if we require Vp to have conformal dimension J = 1, 
[C m , Vt] = e imr ( — i-^ + mJ^Vr-, we naturally derive 

a'k ■ (k + iV) = 0, (Co condition) 

and a'Q ■ (k + iV) = 0, (C\ condition) 
as on-shell and transverse conditions for the photon state. 



3. Spin-two Tensor 



e 

2a 



V20 1 / 



The vertex operator for spin-two tensor (M) is 

= A : 

Expand the normal-ordered form, we get 



^ (x + ia'v) " (X + ia'v) " - 
2a' V J \ J J^a 1 



-JC" 



Vn 



T ■ 



(44) 



V M (e M „ e„) = AV M (e^, e M ) + ie^V»V P + nV T , 



(45) 



where 



c -nM^ •\/2n' / 

2 2 12 12 



(46) 



We shall calculate the commutator of the Virasoro generate C m and Vm^^v, e^) in four 
steps: 



1 00 ' % (5) ' "~anT" 

Step 1: Calculation of (I) in Eq.(l4Tl) 



(47) 



An, XVm( 



L m ,AVA f + zy — (m + 1)V ■ a m , AVm 



(48) 



(1-2) 
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Here the first term, (1-1), of (I) is 



[L m ,AV M ] = Ae 1 ' 



+ m(a'k 2 + 2) 

ar 



V: 



M 



+Ae imT I 



m 



V 6 



+ —r — e ■ k)Vr 



'Pi 



- (a'e^k v + J^e-k)V T 
(a't 



6 6 



and the second term (1-2) of (I) is 



z A /-( m + l)^ 



aft,AV M 



t\l—(m + l)e im W2a'k ■ VAV M + e imT A(m + 1) 



»r {'\l^e-VV T ^ 



+m 



= e 



( - i— A) V m + ia'(k ■ V)AV M 



+ e imT A{m + 1) 



m i 



+m 



^e.VV T ) 
- la'e^k^Vr 



Adding (1-1) and (1-2), we get 



[C m , AV M (t[iv, €fi)] 

. d 



= e 



dr 



+ m(a'k 2 + iak -V + 2) (aV m 



s ftuvVT V2a' , . a' T \ 



+e imr A < 



+m 



/2a' 



ae uv k^k u + A / — e • fc 



+ 



+ 



<2a' 



e ■ k 



,\xv 



(49) 
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Step 2 : Calculation of (II) in Eq.(j47D 

We can apply the result for the vertex operator of photon, Eq. fj42|) . to calculation (II) 
by identifying the polarization vector -j= in Eq. fiSl) as ie^ u V u . Consequently, 



[£ m ,ie^V u V£\ = e* 



2a' 

— i— — h mia'k 2 + ia'k + l) 
dr v 



+e imr m 2 a'e llu V u (k + iVyV T 
d 



— + m(a'k 2 + ia'k + 2) (ie^VV 



m 2 a'e^V u {k + iVyV T 



+e imT A { 



+m 



(50) 



+ ia'e tw V v {k - iVyV T 
Here in the last equality, we adjust the conformal dimension from a'k 2 + ia'k ■ V + 1 
to a'k 2 + ia'k ■ V + 2, and we use the expanded form for Vp of ie^ u V u Vp from Eq. (??) . 

Step 3 : Calculation of (III) in Eq.(H7j) 

We can apply the result for the vertex operator of the tachyon, Eq. (j4ip . to calculation 
(III) Consequently, 



[£ m ,ttV T ] = e imT -i^- + m{a'k 2 + ia'k) ( 



— i 



dr 



+ m(a'k 2 + ia'k + 2) (ttV T ) - e imr m(2n)V T . (51) 



Here, in the last equality, we adjust the conformal dimension from a'k 2 + ia'k ■ V to 
a'k 2 + ia'k ■ V + 2, and we make up the difference with an extra term. 

Step 4: Summing up all contribution 

Having calculated each contribution to the commutator [C m , Vm] hi the previous three 
steps, we can add up all contributions, 

[C m , Vm(^ u , £„)] = (I) + (II) + (III) = (A) + (B). 

Here (A) is the answer we expect and it comes from the sum of all first items in (I), 
(II) and (III), i.e. Eqs.gn]),® and ([EE]). 

. d 



(A) 



- i— + mia'k 2 + ia'k + 2) 
dr ' 



V 



(B) comes from the remaining items in (I), (II) and (III) of (|49p . (j50p and fl5~T|) . and we 
collect all these terms according to the power of m and the type of lower spin vertex 
operators (Vp , Vp): 
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[1) For the m 3 term in (B), we have only one contribution from (I) (Eg. (149 



e^tf vW , . a' Trli , 



from (1-1) from (1-2) 

This is precisely the £ 2 condition for the spin- two state, Eq. pTT) . 
(2) For the m 2 term in (B), we have 



"la! J 



from (I) 



-a'e^ik + iV) 1 



from (I) 

+ia'e^V fi (k + iVY + i\l^-e-V 



from (II) 



from (I) 

Notice the coefficient associated with Vp operator are precisely the C\ condition 
for the spin- two state, Eq. (fT9]) and the two sets of coefficients associated with Vt 
are simply projection of the C\ condition along k^ and iV^ respectively. 

(3) For the m 1 term in (B), we have 

\ 



1 a'e^Wk" + ^—e 
o 



Pi 



from (I) from (II) 



6 



from (I) 



-ia'e^fcT +ia' e^V 1 
v v /v v 

from (I) from (II) 

+a'e llu V^V u -2Q 



Vt 



J 



\ from (II) from (III) 

It is clear that while the coefficients od Vp vanishes identically, the coefficient 
of Vt is also zero, duo to the definite of Q, Eq. fl46l) . Having shown that the 
total contribution from (B) terms gives null result, we thus verify the normal- 
ordered covariant vertex operator Vm(^, as defined in Eq.flHJ), satisfies the 
conformal algebra 

. d 



M(e 



)] 



- i-j- +m)VM, 



(52) 



provide the polarization tensor (e^e^) satisfies the physical state condition 
Eqs.flTgi) and Q2Q. 
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We emphasize that even though the vertex operators in the linear dilaton background, 
written in terms of the shifted string coordinates X = X + ia'Vr, Eqs. (l40l) . fj42|) . (jSJ), are 
apparently of the same form as those in flat space-time. The calculations we have presented 
are not trivial at all. This is because the energy momentum tensor T(z), Eq.(T5]), is not of 
the same form as that in flat space-time. Equivalently, one can not redefine the Virasoro 
generators C m in Eq.Q by a shift in a/o to make them as the same form in flat space-time. 



IV. STRING SCATTERING AMPLITUDE OF THE BOSONIC OPEN STRING 
THEORY IN THE LINEAR DILATON BACKGROUND 

In this section, we present the calculations of three-point and four-point stringy scattering 
amplitudes. Our method follows that of [l|], and we collect some of useful formulae in 
Appendix El Notice that we have suppressed the delta functions associated with generalized 
energy-momentum conservation in all amplitudes. 

A. Three-point Functions 

1. Computation of the amplitude P((,ki)-T(k2)-T(ks) 



AptT = (0,^1^-^(^,1)10^3) 

= (0,A:i|[C-ai,VT(fe!,l)]|0,fe3) 



(53) 



2. Computation of the amplitude P((i, ki)-T(k2)-P(C,z, fa) 



A 



PTP 



(O.feilCr-aiVrC^lKs-o-ilO,^) 

(0, h\ \[C* ■ a x , V T (fc 2 , 1)] , Ca ■ |0, h) + (0, k x \V T {ki, l)Ci ■ «iCa ■ a-i|0, fa) 



-2a'cr • ■ h + cr • c 3 . 



(54) 
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3. Computation of the amplitude P((i, ki)-P(£ 2 , k 2 )-T(k 3 ) 



App T = (0, fcxjCr • «iV^(A; 2 , 1)|0, A: 3 > 

= (0, hlQ ■ «i ■ {X - 2a'k 2 )V T (k 2 , 1) + Ca • a^V T (k 2 , 1) 



\o,h 



2a'C 2 -fc 3 (0,A; 1 | Q • «i, V T (k 2 , 1) |0, fc 3 ) + (0, fci| Ci*-«i,C 2 -«-i V r (fc 2 , 1)|0, fc 3 



2a'Q ■ k 2 ( 2 ■ k 3 + d* • C 2 - 



(55) 



4- Computation of the amplitude P(^i,ki)-P(( 2 ,k 2 )-P(^3,ks) 



Appp = (0,A;i|Cr-aiVp(A; 2 ,l)C3-a_i|0,A;3> 

(X -2a'fc 2 )V T (A; 2 ,l) 



= (0,A;i|Cr -ai 



12a' 



+ C2 • a-iV T (k 2 , 1) + V T (A: 2 , 1)C 2 • e*i 
• MO, fci| [[Ci* • «i, V T (fc 2j 1)] , Cs • |0, h) 
+v / 2^ 7 C 2 • fc 3 (0, fci|V T (fc2, 1) [Ci* • «i, Cs • a-i] |0, fc 3 > 
+(0,fci| Ci* • «i,C 2 • «-i V r (fc2,l),C3-a-i |0, fc 3 ) 
+(0,fci| C3 • ai, V T (k 2 , 1) ( 2 • ai,C 3 • a_i |0,fc 3 ) 
-(2a')H*i ■ k 2 (2 ■ h( 3 ■ k 2 

+V2c^'Q • C3C2 • h - V^Ci ■ C2C3 • h + V2rt( 2 • C 3 d* • fc 2 - 



C 3 • a-i|0, h) 



(56) 



5. Computation of the amplitude P((, ki)-M(e^ u , k 2 )-T(k 3 ) 



Apmt = (0,^* ■a 1 V M {k2,l)\0,h) 

= {0,h\C- ai A 2 V Ml (k 2 ,l)\0,k 3 ) 



A (1) 

PMT 



■(0, h\C ■ a 1 A 2 e^(k v 2 - iV")V£(fc 2 , 1)|0, k 3 ) 



PMT 



■(0, fcilC* - a 1 (ia'e^V v + a'e^V" - n)V T (k 2 , 1)|0, k 3 ) 



A3) 
PMT 



A 



(i) 

PMT 



A 



(2) 

PMT 



A 



(3) 

PMT 



(0,/ci|C*-«i e M „ (2a^ 1 ao + «o«o) + e ' a -i Vt(&2, 1)|0, fo) 
2v / 2^ 7 e^C^(^ + ^3) + (2a') f C* • k 2 e^(k% + + A£) + e ■ ? 

-(0, h\C ■ ^VWe^k" - iV v ) (at, + a%)V T (h2, 1)|0, fc 3 ) 

■ k 2 (ia'e^V u + c/e^VV - Q) 



A 



PMT 



A 



(i) 



A 



(2) 



A 



(3) 



PMT ~ ^PMT ~ ^PMT 

2^VC*"(*£ + Ikl + iV) +e-C 



+V2a'C ■ h 



2a'e^(k 2 x + k% + iV^kl +a'e^(ik 2 x V 1/ - VV U ) + Q 



=o by Ci and c 2 conditions 

= v/^von^r + k) + (2a') f r • k^x^i + e ■ c*. 
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6. Computation of the amplitude P((i, kiJ-Mfe^, k 2 )-P(£ 3 , k 3 ) 



A 



PMP 



(0,k 1 \(*-a 1 V M (k 2 ,l)( 3 -a_ 1 \0,k 3 ) 
(0, fcxjCr • a ± A 2 V Ml (k 2 , l)Ca • a_i|0, h) 



1W 



-(0, hK* ■ aiA 2 e^(^ - iV v )V^(k 2 , l)Cs • «-i|0, fc 3 ) 



,(2) 



-(0, fcilCr • ai(jaV^V + a'e^FV" - fi) V T (k 2 , 1)( 3 ■ a^\0, k 3 ) 



V 

.A (3) 



A 



(i) 

PMP 



<0,fci|Cr-ai 



(2e^a£ + e M )a^ 1 V T (A;2, 1) + e^aftaftVi^Afc, 1) 



C 3 • a_i|0,fc 3 ) 



A 



(2) 

PMP 



A m 

St-PMP 
ApMP - 



+ (2e^ag - e M )V T (A: 2 , 1)< + 2a^V T (A; 2 , l)a£ 
- V2a'Ca • A: 2 [2>/2^V(A£ + A^C + e • Ci 
+ (2a'Cr • foCs • A; 2 - Ci • Cs) [ - 2e*V(A£ + + A£) 

+v / 2^ 7 Ci* • ^2 [2v^7e AB ,(^ + A£)C£ - e • Cs] + 2e^CrC 3 
-(0, fcild* • aie^(^ - iV") [« + ^ 1 )V T (fc 2 , 1) + V T (A: 2 , 1)<] C 3 • a_i|0, k 3 ) 
v^Cs • ^2 [V2^V(fc£ - iV v )Ct] + (2a' £ ■ ^Cs • fc 2 

-cr • c 3 ) [2« v - ^1(^2 + K) 

(2a' Q ■ hC 3 ■ k 2 - d* • CsH^V^ + ote^VV - Si) 
(i) 



A 



_, 4(2) , j (3) 
PMP ^ ^PMP ^ ^PMP 



- 2e*V(*2 + ^ + iy")A£ -c*V - KT) - ft (2a'C ■ h( 3 ■ k 2 - Q ■ Cs) 

N v ' J 

=0 by d and c 2 conditions 
+ (v / 2^ 7 Ci • k 2 ) [VMe^VZ + 2k v 3 + iV) - e • Cs 
-(v^Cs • k 2 ) [V2a~'e^T(k 2 + 2% + iV) + e • #] + 2e^CrC 3 
-2aV^s(2a'Ci* • fc 2 Cs • k 2 - Q • Cs) 
+ (v / 2^ 7 Ci • fc 2 ) [v/^VC^r + *£) " e • Cs 

-(v^Cs • k 2 ) \V2de^T(K v + k v 3 ) + e • d + 2e^TQ- (58) 
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7. Computation of the amplitude P((,ki)-M(e\ l J,k 2 )-M(el l J,k3) 



•Apmm 

= (0, fcijC* • o il V M (k 2 , 1) (egaV-i + e (3) • a_ 2 )|0, k 3 ) 

= (0, fci|C* • «i \^V Ml (k2, 1)1 (eg^V-i + e (3) • a_ 2 ) |0, fc 3 ) 



(0, fcijC • «i [A 2 eg) (A£ - iV^V&fa, 1)] (eJ^V^ + e {3) • a_ 2 ) |0, £ 3 



4(2) 
PMM 



-(0, feilC* • «i (io'eg)*^ + c/eg,V<V - fl) V T (A; 2 , 1) (egaV-i + e< 3 > • a_ 2 )|0, A*) 



,(3) 



To simplify the calculation, we first define 

M = (0,A: 1 |C-a 1 V T (A: 2 ,l)(e( 3 i )^ 1 ^ 1 + e( 3 )-a_ 2 )|0,A:3) 

= (0, h\ [[C* • « 1; V T (A; 2 , 1)] , (egaV-i + e (3) • a_ 2 )] |0, fc 3 ) 

+ (0, fcil [V r (fc2, 1), [C* • «i, egc^i^j] |0, k 3 ) 
= V2c7(*i ■ k 2 {2a'e^k 2 nk v 2 - V2c7e {3) ■ k 2 ) - 2V2de$£' i k 
= VWQ • kM, - 2v / 2^ 7 egcr^. 

where 



(59) 



2a'efX 2 k 2 



■ k 2 



(60) 
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^pmm = (0, fcilC* • «i [eg«a£ + 2^ 1 )V T (fc 2j 1)] {effete + e< 3 > • a_ 2 ) |0, fc 3 ) 



(i-i) 



+ (0, h\C ■ «i [2eg]« + a^)V T (k 2 , 1)« + (e$aV-i + e (3) • «_ 2 ) |0, k 3 



,(1-2) 



+(0,fci|C-ai V T (fe,l)aW (ega^ia_i)|0,fc 3 ) 



,(1-3) 



+ (0, fcxIC • «i [e (2) • a_ 1 V T (A; 2 , 1)] (eg]c/>-i + e< 3 > • a_ 2 )|0, fc 3 ) 



A 



(1-4) 



-(0, fcxlC* • «i \v T (k 2 , l)e^ ■ (a, + a 2 )] (e^V-i + • a_ 2 ) |0, k 3 ) 



.(1-5) 



A {1 - 1] 



l PMM 



sit 



l PMM 



A 
A 



(1-3) 
PMM 



A 



(1-5) 
PMM 



(1-4) _ c (2) 
PMM 



2a'eg>(A£ + + A$)M + 2V2tfeg>C* /t (*S + *S)Mi 

2v / 2rte${k 2 + K) \ - v^C* • k 2 {2V2^'ef^k a 2 - 2e^) + 2ef^C 

2v / 2^ 7 C* ' ^ege®^ 
e-' • C*Mi 

(v^C* • h) ^VMe^e^k" - 4e( 2 ) • e< 3 >) - 2e^eg]C" 



4m = -<0,*i|C-«i v / 2^eg)(^-^^)K + <)V T (A; 2 ,l) (eg^ + e (3) • a_ 2 ) |0, fc. 



.4 
.4 



(2-1) 
PMM 

(2-2) 
PMM 



A {3) 



PMM 



,(2-i) 



-(0, fcxlC* • ai [v^eg)(^ - i^)V r (fc2, 1)K + + e (3) • «_ 2 ) |0, A; 3 



,(2-2) 



-2a'eg (A£ - iV) (A£ + fc£)M - v^eg] (fc" - i V") C^M X 
v^c7e{2 - iV") [v^C* • k 2 {2y/2def»k c 2 - 2e (3) ^) - e^C*] 



25 



A 



PMP 



A (1) + A 

•^PMM > ^ 

2a'e$k 3 l (k 2 ' + kl) + 2a'ie$V»k 



(2) 



■PMM T ^PMM > ^ 



■PMM 



+ 



=0 by £i and £ 2 conditions 

„ 



Mi 



=o by £i condition 
+ (V2^C ■ h) ^VMe^e^k" - 4e( 2 ) • e< 3 > + 2ege< 3 >' w ') 



+ 



2^/2^ 7 e! 1 2 j^ 



+ 



-ef by £i condition . 
= V2^C ■ k 2 (2a'e$k p 2 k° - V2de {3) ■ fc 2 ) (2a'e$k%k» - v / 2^ 7 e (2) • fc 3 ) 

+2v / 2^ 7 e( 2 JC^^(2« , 4 3 T ) ^^ " v^ 3 ) ■ fca) 
+4v / 2^e( 2 ) e ( 3 )-^C*' T - ^'e^f v k° 2 r 

- 8a'e$e( 3 >°k%k 2a + 2e$e^ 

- 4v / 2^ 7 e£ ) e ( 2 H 2 CT + A^ef}e { ^kl - 6e^ ■ 

+4e (2) C ^ e (3),_ 4e (3) C ^ e (2)^ 



+V2^C ■ h 



(61) 



B. Four-point Functions 



In order to express the four-point stringy scattering amplitudes in terms of kinematic 
invariants, we define the Mandelstam variables in the linear dilaton background, 



s = -(h + k 2 ) ■ (k 1 + k 2 + iV). 
t = -(k 2 + k 3 ) ■ (k 2 + k 3 + iV). 

4 

s + t + u = m 2 . 



(62) 
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1. Computation of the amplitude T(k±)-T(kz)-T(k2)-P((,ik\) 



In this process, the amplitude is given by 



Uy 



A T ttp= I — (0,fe 4 |Vr(A;3,l)VT(A:2,y)C-a-i|0,fei) 

k y 



From Eq. (1B2I) in Appendix [Bj we obtain 



A 



TTTP 

1 dy m 
— P 

o 2/ 

1 ^ 
— V2a' 

h V 

T(-a't - l)T(-a's - 1) 



V(-a't - a's - 1) 



C • k 2 y- a ' s -\l - y)- a,t - 2 + C • hy- a ' s (l - y)^ 2 

a't + a's + 2)(v / 2o'C • fa) + {as + l)(v / 2^ 7 C • fa) 



(63) 



2. Computation of the amplitude T(k4 : )-T(hz)-P(C,2i fa)-P((i, fa) 



In this process, the amplitude is given by 

A T tpp= [ — (0,fa\V T (fa,l)Vp(k 2 ,y)C-a^\0,fa) 

Jo y 



where 



(0,fa\V T (fa,l)V P (k 2 ,y)C-a^\0,fa) 

(2 



(o,fa\v T {fa,i) 



+ 



2a 

C2 



- 7 -X4y)V T (k 2 ,y) 



'2a' 



X (y)-V2^C2-k 2 )V T (k 2 ,y) 



+ V T (k 2 ,y)^ ■ a x y- x 



Ci ■ a_i|0, fci) 



-V2^'C 2 ■ fay(l - y)' 1 ^ + V2c7( 2 • fa¥ + Ci ■ C2y~ 1 A A . 

(Ci • C2 - 2a'(i ■ fa( 2 ■ fa) y~ a ' s - 1 (1 - y)^ 1 +(2a'& ■ fa( 2 ■ fa) y- a ' s (1 - y)- a ' l ~ 2 
+(2a'Ci • fa( 2 ■ fa) y- a ' s (1 - y)-^- 1 +(2a'(i • fc 3 Ca • fc 3 ) 2T a ' s+1 (1 - ?/)" Q '^ 2 - 



TTPP 



T(-a't- l)V(-a's- 1) 
r(— a't — a's) 



{a't + l)(a't + a's + 1)(G ■ C2- 2a'Ci • A; 2 C 2 ■ fci) 

-(a't + l)(a's + 1) (2a'Ci ■ fa( 2 ■ fa) 

+(a't + a's + l)(a's + 1) (2a/ & ■ k 2 ( 2 ■ fa) 

+ (a's + l)(a's) (2a'Ci • faC 2 ■ fa) 



.(64) 
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3. Computation of the amplitude T(ki)-P(C > ^,kz)-P(C,-2,,k-2,)-P(C > i,ki) 

In this process, the amplitude is given by 

ml dy 



where 



A TPP p= I -^(0,fc 4 |V P (A;3,l)Vp(fc2,s/)C-a-i|0,A;i) 

o y 



(0,k 4 \V P (k 3 ,l)Vp(k 2 ,y)( ■ a^h) 

(0, h\A 3 -^= • V Pl (k 3 , l)A 2 -^= • V Pl (k 2 , y)Ci ■ «-i|0, fci) 



r(!) 



C: 



2a'C 2 • MO, ^|A 3 ^= • VK(fc 3 , l)V T (fc 2 , y)Ci ■ a-i|0, fci 



r (2) 



C2 



-V2a'Cs • fc 3 <0, MVt(M l)A 2 -== • Vp^M y)(i • «-i|0, fc^ 

v2cr 



r (3) 



+2a'C 2 • A: 2 C 3 • MO, MVt(M 1)V T (M y)Ci • a_i|0, h) . 



r( 4 ) 



r(l) 



C 3 



l TPPP 



(0,h\ < 



/2a' 
/2c7 



A > o(l)V T (A;3,l) + V T (A;3,l)X + (l) 

X-(y)V T (fc 2 ,y)+Xo(y)V T (fc 2 ,y) 
+ V T (k 2 ,y)(V2a 1 a 1 y- 1 ) 



> Ci • a-i|0,M 



(1-1) , r(l-2) , r(l-3) ,(1-4) ,(1-5) 
TPPP i TPPP ^ TPPP ^ TPPP * TPPP 
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t-(i-i) 

L T ppp 



r (l-2) 
l TPPP 



r (l-3) 
L TPPP 



r(l-4) 
L TPPP 



r(l-5) 
L TPPP 



{0,k 4 



X (l)V T (fc 3 ,l)- 



C2 



^o(y)V T (fc 2 ,!/)Ci-a-i|0,A;i> 



/2a' " v ' ^ ' V2a' 
2a'C 2 • (fci + A: 2 )C 3 • (h + k 2 + fc 3 )P. 

(0, A; 4 |4h • ^o(1)Vt(^ 3 , 1)-^= • X-(y)V T (fc 2 , y)Ci • a_i|0, h) 



/2a' - ' — ' 
-2a'C 2 • A: 3 C 3 • (h + h + £3)3/(1 - y)" 1 



= (0,A;4|Vt(A; 3 ,1)- 



C2 



X (y)V T (A; 2 ,y)Ci-Q ; _ 1 |0,A; 1 



/2a' ' v ' V20 7 
2a'C 2 • (h + A: 2 )C 3 • k 2 y(l - y)-^ + V2^( 2 ■ (h + k 2 )(i ■ ( 3 A 4 . 

(0, h\V T (h, 1)-^= ■ X + (l)-^= ■ X_(y)V T (k 2 , y)d • a_i|0, h) 



12a' ' v ' V2a' 

C2 • Csy(i - y)~ 2 P - 2«'C 2 • A: 3 C 3 • k 2 y\\ - y y 2 F - v^Ci • C3C2 • Mi - y) -1 ^ 



= (0,fc 4 



v: • X (l)Vr(A;3, l)V T (fc 2) y)C 2 • a^-'Ci • a_i|0, h) 



12a 1 



^Ci • GCs • (*i + ^ + fc 3 )(l - y)~ l A A . 



r(2) 



<- T ppp 



r(3) 

l TPPP 



r(4) 



•■TPPP 



-C2 • fc2<0, fc 4 | [Ca • X (l)Vr(A;3, 1) + V T (A; 3 , 1)C 3 ■ X+(1)J V T (A; 2 , y)Ci • a^O, A*) 
-2a'C 2 • A: 2 C 3 • (fci + k 2 + k 3 )F - 2a'C, 2 ■ k 2 ( 3 ■ k 2 y(l - y^F - v^Ci • C3C2 • k 2 A A . 

C 2 • X_(y)V T (k 2 , y) + ( 2 - X Q {y)V T {k 2 , y) 
+ V T (k 2 ,y)( 2 ■ aw~ L 
-2a'C 2 • (fci + fc 2 )Ca • k 3 F + 2a'C 2 • fc 3 C 3 • hy(l - y)- 1 ^ - v^Ci • C2C3 • k 3 y~ x A A . 
2a'( 2 • fc 2 C 3 • k 3 F. 



< 3 -h(o,h\v T (h,i) 



Ci • a_i|0, h) 



Finally, we have 



r(i) 



+ 1 



(2) 



+ 1 



(3) 



TPPP ~ -"TPPP ~ A TPPP ~ -"TPPP 



+ L 



(4) 



(Ci • C2 - 2q'Ci • k 2 ( 2 • fci)(v^C3 • k^'^d - y)- a>t 

+(Ci • C 3 - 2a'Ci ■ h( 3 • fc 1 )(v^ 7 C 2 • fci)^ Q ' s (i - yr a>t 
+(Ci • C2 - 2«'Ci • fc 2 C 2 • fci)(V2^Ca • ^ 2 )y _as_1 (i - y^'*- 1 
+(2a') f (Ci • fc 2 C 2 • ^ 3 C 3 • h - Ci • fc 3 C 2 • ^ 2 C 3 • ^)?r a ' s (i - 
-(Ci • C 3 - 2a'Ci • feCs • fci)(>/2^C2 • ^ 3 )i/- a ' s+1 (i - y)-"'*- 1 

-(C2 • C 3 - 2a'C 2 • fc 3 C 3 • fc 2 )(v / 2^ 7 Ci • k 2 )y~ a ' s (l - y)-"' 4 - 2 

-(C 2 • C 3 - 2a'C 2 • fc 3 C 3 • fc 2 )(v / 2^ 7 Ci • fc 3 )y- a ' s+1 (l - y)- a,t - 2 
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r(-<rt-i)r(-a' a -i) 
^ TPPP " rc-a't-^ + i) 

(a'i + l)(a'£) 
a't + a's) <( +(a't + l)(a's + l) 
+ (a's + l)(a's) 



(65) 



x < 



+(a't + l)(a's + 1) 
+ («'t + a's + !)(«'* + a's 



(2a'Ki • ^2 • ^iCs • *i - V2a'C 3 • fciCi • C2 

- (2a') l Ci • fc 2 C 2 • h( 3 • h + (2a')§G • h( 2 • ^iCs • fc 2 

- (2a') § Ci • ^2 • fcaCa • £2 + V2c7(i • ^3(2 • Ca) 
(a't) [ (2a / )ki^3C2-fciC3-fci-v / 2a 7 C2-A;iCi-C3 

+ (a's) [-(2a')§G • ^2 • ^sCs • h + V2c7( 2 • ^ 3 Ci • Cs 
a't + 1) (2a') § Ci • ^2 -hCs-h- v^Cs • AfeCi • C2 
(2a') 1 Ci • h(2 ■ h( 3 ■ k 2 + v^Ci • h( 2 • Cs 



+(a's + l) 



4- Computation of the amplitude T(k^)-T(k^)-M(e lJLV , k 2 )-P(C, k\) 

In this process, the amplitude is given by 

ml dy 



where 



Attmp= [ —{0,h\V T (h,l)V M (k2,y)C-a. 1 \0,k 1 }, 

Jo y 



(0 : k 4 \V T (k 3 ,l)V M (k2,y)C-»-i\0 : k 1 ) 
= (0, A; 4 |V T (A:3, l)A 2 V Ml (k 2 , y)£ • a_i|0, h) 

" v ' 

j(l) 

TTMP 

-(0,h\V T (k 3 ,l)A 2 e^(k u 2 - tV^V^yX ■ a^O^h) 



r(2) 



-(0, /c 4 |V T (A;3, 1) {ia'e^V + a'c^VV - Q) V T (h, y)( ■ a^\0, h) . 



r(3) 



j(D 

'-TTMP 



(0, fc 4 |V r (fc3, 1) 



2a' 



( X»(y)X»(y)V T (k 2 ,y) +2Xt(y)X^y)V T (k 2 ,y)^ 

+XZ(y)XZ(y)V T (k 2 ,y) +2X»(y)V T (k 2 ,y)X»(y) 
\+2XZ(y)V T (k 2 ,y)X»(y) 

= ■ X-(y)V T (k 2 ,y) - V T (k 2 ,y)e ■ a x y~ x 



16 



'2a 1 



> . 



C-a_i|0,fci) 



= 2a'e^kly 2 {l - y)~ 2 P - 4a' + k%)k%y(l - y^P + 2c*V(fc? + + A£)P 

-2^6^(^3(1 - y) _1 ^4 + 2v / 2a 7 e^C M (^ + A*)?/" 1 ^ 
-V2rte ■ k 3 y(l - y)- 2 ¥ - e ■ (y~ l A A 
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r(2) 
TTMP 



-{0,h\VT(h,l)e^(k» 2 - iV») 



r(3) 
TTMP 



X_(yrV T (k 2 ,y) + XS(y)V T (k 2 ,y) 
+ v / 2^ 7 V T (A: 2 ,2/Xi/- 1 
2a'e^k 3 l (k 2 J - iV)y(l - y)'^ - 2a'e^ + k%)(% - iV)F 

-V^e^i^-iV^y-'A, 



C • a_i|0,A;i) 



r(!) 



r(2) . r(3) 



+ 
+ 
+ 
+ 
+ 



4- r ' 4- r 

TTMP ^ TTMP ^ TTMP 

(2a'e^kl - V2rte ■ h)(V^C ■ k 2 ) + 2V2a~> - 2e ■ C\y' a ' s ~\l - y)'^ 

- (2«VW - v^e • fc 1 )(v / ^ 7 C • h)]y~ a ' s (i - y)~ at 

2(2afz( ■ k 3 6^k?k»]y- a ' s+1 (l - y)'^' 1 
2(2a') f C • he^k" - 2^2^,^] y- a ' s (l - y)-^ 1 
(2a'e^k» - v^e • h)(V2c7( ■ k 2 )] y- a ' s+ \l - y)' 
\2a'e^kl - V2c7e ■ k 3 )(V2c7( • k 3 )] y- a ' s+2 (l - |/)~ a '* 



-a't-2 



-a't-2 



To obtain result above, we have imposed £i condition of the spin-two particle to eliminate 
terms which consist of the contractions between spin-two tensor and the momentum k 2 . 

T(-a't-l)T(-a's-l) 



A 



TTMP 



X 



r(-a't- a's + 1) 

(a't + l){a't) 



(66) 



at + as) < 



x < 



+{a's + 1) 



+(a't+ l)(a's + 1) 
+ (a's + l)(a's) 
(a't + 1) (a't) 
+(a't+ l)(a's) 
I +(a / s)(a / s - 1) 



• k 2 (2at e^k^kl - • fci) 



-2 v / 2a 7 e^^C 1 ' + 2e • C 



2(2a'K • k^XxK + 2v / 2«VC^3 
/277C ' k 2 (2a'e^kl - V2rte ■ k 3 ) 

V2^C ■ h(2a 'e^XxK - V^e ■ h) 

2(2a')l(-k 3 e^k?k 3 ' 

y/2a~>C ■ k 3 {2a'e^kl - V^e ■ k 3 ) 



i > 



> . 



5. Computation of the amplitude T(k4)-P(C 3 , k 3 )-M(e^ u , k 2 )-P((\, k\) 
In this process, the amplitude is given by 

A TPM P= [ —(0,h\Vp(k 3 ,l)V M (k2,y)Ci-»- 1 \0,k 1 ), 
Jo y 



31 



where 



(0,h\V P (k 3 ,l)V M (h,y)( ■ a^O,^ 
-^o(l) 



= <0,/c 4 |C3 



'2a! 



- V2a'k 3 



V T (k 3 ,l)V M (k 2 ,y)Ci-a_ 1 \0,k 1 ) 



r(l) 



C.3 



+ (0, A: 4 |V T (A;3, 1)-^= • X + (l)V M (k 2 , y)( ■ a_i|0, h) 
y2a' 



r (2) 



TP MP 
r(2) 

l TPMP 



.(1-1) .(1-2) .(1-3) .(1-4) .(1-5) .(1-6) .(1-7) 
1 TPMP 1 TPMP 1 TPMP 1 TPMP "r 1 TPMP "r 1 TPMP "r 1 TPMP 



.(2-1) .(2-2) . 

1 TPMP * 1 TPMP * l ' 



(2-3) .(2-4) 
TPMP 1 TPMP 



.(2-5) _ .^-o; _ .v 
1 TPMP 1 TPMP 1 TPMP 



.(2-6) 



r(2-7) 



i-(l-l) 
l TPMP 



(0,fc 4 |C3 



*o(l) 



V T (fc 3 ,l) 



— e 



V T (fc2,y)Ci ' «-i|0,fci 



^Cs • (fci + fc 2 ) 



P 



• (fci + k 2 ){2a! e^k^ - • fci' 



In the last equality, we use the C\ condition for spin-two particles. 



i-Cl-2) 
1 TPMP 

= (0,A; 4 |C3 



^o(l) 



- V2a'h 



2a' 

2a>( 3 ■ (fcx + fc 2 ) ( 2e^ 



V T (h, 1)6^ 



2^(y) 



2a' 



^-(y)Vr(fc 2 ,l/)Ci-«-i|0,A: 1 



'2a' 



(0, A; 4 |Vr(A:3, l)^(y)V r (fc2, y)G • «-i|0, h) 



^Cs • (fci + k 2 ) ( - 4a'e^^^ + v^e • fc 3 )y(l - y)" 1 ?. 
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Again, in the second equality, we have used Ci condition for spin-two particle. Similarly, we 
have 



t-(i-3) 

TPMP 



,(1-4) 
TPMP 



r(l-5) 
TPMP 



.(1-6) 
TPMP 



TPMP 



(o,h\C. 



3 ' 



*o(l) 
v 7 ^ 



7 2a'A;, 



V T (fc 3 , l)e 



gjg(y) 

2a' 



V T (fc 2 ,y)X;(y)C 1 -a_ 1 |0,fc 1 ) 



= <0,fc 4 |C: 



2a'C 3 • (fci + fc 2 ) (2v / 2a 7 e /ii ,Cr^r " e • Ci)^ 
*o(l) 



3 ' 



v T (fc 3 , i)^^(y)^(v)Vr(fc2, y)Ci • «-i|0, *i> 



^a'Cs ■ (h + A; 2 )(2aV^3^3)r( 1 - v) P 



<0,fc 4 |C3 



*o(l) 



/2a' 



- V2a'fc, 



V T (fc 3 , l)^2^(y)Vr(*2, v)*;(v)Ci • a_i|0, fci) 



Mi) 

V20 7 



- V2a'k 3 



V T {h, 1) [ - -£= ■ M(y)V T (k 2 , y)] d • a_i|0, A*) 
L V2a' J 



2a'C 3 • (h + h)(- V2rte ■ k 3 )y(l - y)~ 2 F 

Mi) 



>2a! 



7 2a'A;, 



V T (k 3 , 1) - V T (k 2 , y)-= ■ X${y) Ci • a_i|0, h) 
L y la J 



= v^Cs ■(h + k 2 )(-e- (Jy-'Ai. 



r(2-l) 
TPMP 



,(2-2) 
TPMP 



(o,h\v T (h,i)- 



'2a 1 



MD 



£X8(y)XS(y) 



— e 



+ n 



V T (A;2,2/)Ci-a-i|0,A; 1 ) 



C3 



(2«V W - V2a'e • ^(0, fc 4 |V T (fe, l)-£= • X + (l)V T (fc 2 , J/)Ci " «-i|0, fci) 

V2a' 

(2c*V W - v^e • fci) (v^Cs • k 2 y(l - y)'^ + Ci • CsAt) 



2^(y) 
2a' 

c 3 



kti + w 



M(y)V T (k 2 ,y)Ci- a-ilO,^ 



(0,fc 4 |Vr(fc3,l)-^=-^ + (l)e^ 
V2a' 

= (2e^^ - -^=) (0, £ 4 |V T (fc 3 , 1)-^= • X + (l)JT(y)V T (fc 2 , y)G • a^O, A*) 
\ \/2a! ' y2a' 

+ (-4aV MX + v^e • h) [v^Cs • W(l - y)^ + Ci • Cs2/(1 - vVM 
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r(2-3) 
l TPMP 



r(2-4) 
l TPMP 



.(2-5) 
TPMP 



.(2-6) 
TPMP 



r(2-7) 
TPMP 



(0,fc 4 |V r (fc3, !)-&=• 



2^(y) 
2a' 



Vrfey^j/Ki-a-ilO,^) 



(2v / 2a 7 e /li ,Ci^r - e • GXv^Cs • W - y) _1 ^4 

(0, fc 4 |V r (fc 3 , 1)-^= • X + (l)^X^(y)X^( ? /)V T (A; 2 , y)d • a^\0, fc x > 
V2a 



2f r M 



2 - y)' 2 (0, h\V T (h, l)X»_(y)V T (k 2 , y)Ci • a_i|0, A*) 

+ (0, fc 4 |V T (£ 3 , l)^X^(y)^(y)-^= • X + (l)V T (k 2 , y)Ci • a_!|0, fc x ) 
2a' ^2^' 

-2^6^3^(1-2/)"^ 

+(2aVfc£A£) [v^Cs • ^ 2 y 3 (l - y)- 3 P + Ci • Cs2/ 2 (1 - I/)" 2 ] 

(0, k 4 \V T (h, 1)-^= ■ X + (l)^2Xt(y)V T (k 2 , y)X;(y)Ci • a_i|0, A*) 
V2a ^ct 

[2c^CfCs(l - ?/)" 2 - (2v / 2a 7 e^Cf^)(v / 2« 7 C3 • A: 2 )y(l - y)" 2 ] A 4 



f2a 



r Xl(y)V T (k 2 ,y) Ci-a_i|0,A; 



(0^ 4 |V T ^3,1)^-X + (1) 
e • C 3 (l + - y)" 3 P - (v^Cs • ^(v^e • A; 3 )y 2 (l - y)- 3 P 



/ 2a 7 e-k 3 C 1 -( 3 y(l-yy 2 A 4 



(o,h\v T (k 3 ,i) L:A 



If 

^= • X + (l) [ - V T (k 2 , y)-= ■ Xt(y)\ Ci • a_!|0, A*} 



^C3-fc2e-Ci(l-Z/)"%- 
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Sum up the total contribution, we have 



+ 1 



(2) 



l TPMP ~ A TPMP 



= [V2d( 3 ■ ki + V2d( 3 • Hi - y)- 1 ] 



{^ole^XxK - ^2dt • fci) 

+ (2aV^3-^'fe)y 2 (i-t/)- 2 



+ 



{2V2de^Q)y(l - y)' 2 + ( - 2V2de^Q + 2e • Cz)y\l - vY^ 

{-2V2^e, u k^)y(l-y)- 2 



+ [V2d( 3 • h + V2d( 3 • Hi - y)- 1 ] 



A, 



+Ci • C3 



+ (2v / 2^ 7 e^A;5 t Cr-2e-Ci)r 1 

A 4 + 2e^crC3(i-y)" 2 ^4 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



-a's-l 



(1-2/) 



-a't+l 



(2de^k^ - • fej 

+ (2aV*£A£ - v^e • fc 3 )2/ 2 (l - y)" 2 

- (4aV^3)y(i-y) _1 

= (Ci • Cs - 2a'Ci • h( 3 ■ h) (2a'e, u k»k\ - V2de • h)y- a ' s (l - y)-^ 1 
+ (Ci • Cs - 2a'G • hCs • h) ( - 4aV^)y- Q ' s+1 (l - y)""'* 
+ (Ci • Cs - 2a'Ci • hCs • h) {2a'e,XK ~ V2de ■ h)y- a ' s -\l - y)~ a ' t+3 
-2a' 'Ci • A; 2 C 3 • fci ^a'e^fcffc^ - v^e • fci) 
+2^(3 • h (V^e^Ci ~ e ■ Ci) 

-2a'Ci • fcsCs • fa^de^k^ - V2de ■ h) 
+2(2d) 2 ( 1 • hCs ■ he^Kkl - 4d( 3 • he^CiK 
-2a! & ■ k 2 ( 3 ■ h{2a'e^kl - ^2de ■ k 3 ) 
+2(2a') 2 Ci • fc 3 Cs • he^K ~ 4«'Ci • h^KQ 
-2d Ci • fc 3 Cs • k 2 {2a'e^kl - V2de ■ k 3 ) 
+2^0 • ^(v^e^^a - e • Cs) 
-2d 'Ci • fc 2 Cs • fc 2 (2c/e^fc^ - • fc : ) 

+2^(3 • A; 2 (v^e^^Cr - e • Ci) 
2(2a') 2 Ci • fc 2 Cs • he^k" - Ad(i ■ foe^Q 
+2e^Q -4a'C3-fee^Ci^3 
-2a'Ci • fc 2 Cs • k 2 {2d - V2de ■ k 3 ) 

+2>/2^Ci • ^2 (v^e^^a - e • Cs) 



2/ 



-a's+2 



-a's-l 



2T Q ' s (i - y)- Q '* 

-a's+1^ _ y-^-a't-1 



(1-2/) 



(1-2/) 



-a't-2 



-a't 



-a's-2 



(1-?/) 



-a't+l 



y 



-a's+1 



(1-2/) 



-a't-2 



P 
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A 



TPMP 



F(-a't - l)T(-a's - 1) 



x < 



T(-a't - a's + 2) 
(a't+l)(a's + l) < 



(a't)(a't- 1) 



+(a't + a's - 1) < 



(a't+l)(a't)(a't-l) 
+ (a't + l)(a't)(a's + l) 
+ (a't + l)(a's + l)(a's) 
+(a's + l)(a's)(a's - 1) 
(pit + l)(pit) 

(a't + a's)(a't + a's - 1) < +(a't + l)(a's + 1) 

+(a's + l)(a's) 



(Ci • Cs - 2a'Ci • fcsCs • fci) (2«V*a fc i " • fci) 

[(Ci • Cs - 2a'Ci • feCs • h) ( - 4aVM^s) 
^ +(a's)(a's - 1) [(Ci • Cs - 2a'Ci • h( 3 ■ h) ^a'e^XK - V2de ■ k 3 ) 
r -2a'Ci ■ k 2 ( 3 ■ k^de^XxK ~ V2de • h) 
+2 v / 2^ 7 Cs • h (V2de^Ci - e • Ci) 
-2«'Ci • A; 3 Cs • k^a'e^XK - V2de ■ k x ) 
+2(2a') 2 Ci ■ h( 3 • he^iK ~ 4 «'Cs • he^CiK 
-2oiCi ■ h( 3 ■ h {2a'e^XK - V2de ■ k 3 ) 
+2(2a') 2 Ci ■ ^sCs • he^k^ - Aa'Ci • k 3 e^C, 
-2a' (i ■ h( 3 ■ k 2 (2a'e^XK - ^2de • fc 3 ) 
+2^0 ■ hiV^e^Q - e • Cs) 
-2a' d ■ k 2 ( 3 ■ k 2 (2a'eXiK - V2de ■ h) 

+2 v / 2^ 7 Cs ■ k^V^e^Ci ~ e • Ci) j 
2(2a') 2 Ci ■ ^Cs • he^XK ~ 4a'G • fc 2 e^fcfC : 
+2e^Ci M C3 " 4a'Cs • he^Cik 
-2d Xi ■ k 2 ( 3 ■ k 2 (2a'eXzK - V2de ■ k 3 ) 
+2V2^Ci • k 2 (V2deX 3 C 3 - e • Cs) 



V. STRINGY WARD IDENTITIES OF THE BOSONIC OPEN STRING 
THEORY IN THE LINEAR DILATON BACKGROUND 



This section is devoted to the verification of stringy Ward identities 3JJ , or equivalently, 
we check the decoupling of zero norm states in all processes under consideration. While the 
explicit calculations could be lengthy, the essential idea is the same. We first substitute all 
possible polarization tensors, Eqs. (l29l) . (!30|) . for zero-norm states into the stringy scattering 
amplitudes and replace all momentum contractions in terms of Mandelstam variables. All 
the amplitudes become sums of polarization projections, weighted by different kinematic 
invariants. One can then check that all terms with the same independent polarization 
projection cancel exactly. Hence we obtain a proof for stringy Ward identities. 



36 



A. Three-point Functions 



To prove the Ward identities of three point function of bosonic open string in linear 
dilaton background, it is useful first to know the contractions of momentum between different 
particles, 



a'k\ ■ k 2 + a'kl ■ k 3 
a!k\ ■ k 2 — a'k2 ■ k 3 
a'kl ' ^3 ~~ otki ■ k 3 



—mi 
-m 2 2 



-m% 



a'kl ' ^2 
a'kl ' ^3 
a'k 2 ■ k 3 



2 

—mi 


- ml 


+ m\ 




2 2 




—m\ 


+ m\ 


-ml 




2 2 




—m\ 


+ 


+ ml 



(68) 



1 . Ward identity for P((, ki )- T(k 2 )- T(k 3 ) 



From Eq. fl6"8"|) . we have 



Case 1: C* -> y/2cPk^ 



k\-k 2 = 0. 



Aptt = 2a' kl ■ k 2 = 0. 



(69) 



2. Ward identities for P(( u k 1 )-T(k 2 )-P(C3, h) 
From Eq. fl68p . we have 

2a' kl ■ k 2 = -2a' k 2 ■ k 3 = 1. 
From polarization conditions and momentum conservation, we have 



Cs • (K -k 2 -k 3 -iV) = 
and Ci* • (K -k 2 -k 3 -iV) = 



( 3 -kl = ( 3 - k 2 
CI • h = -(* ■ h. 



Case 1: Q 



Case 2: ( 3 



f2dk* x 

ApTP 
ApTP 



• K - (2a')H 3 • hkl ■ k 2 = 0. 



^Ci ■ h - {2a') ■ A; 2 A; 2 ■ k 3 = 0. 



(70) 



(71) 



37 



3. Ward identities for Pfa, kJ-Pfa, k 2 )-T(k 3 ) 
From Eq. (l68p . we have 

lot % ■ k 2 = 2a' k 2 ■ k 3 = -1. 
From polarization condition and momentum conservation, we have 

C 2 • (K -k 2 -k 3 -iV) = o c 2 • K = c 2 • h. 

• Case 1: C* -> v^fc* 

-4 P pt = v / 2^ 7 C2-A;t + (2a / ) l C2-A;3^-A; 2 = 0. (72) 

• Case 2: C2 -> v 7 ^^ 

„4p Pr = v^Ci • ^2 + (2a') f Cr ' ■ h = 0. (73) 

^. VKarrf identities for P((i, ki)-P(( 2 , faJ-Pfa, k 3 ) 
From Eq. (l68p . we have 

K ■ k 2 — k\ ■ k 3 — k 2 ■ k 3 — 0. 
From polarization conditions and momentum conservation, we have 

C 2 • {k{ -k 2 -k 3 -iV) = o - c 2 • K = ( 2 ■ k 3 

Ci ■ (K -k 2 -k 3 -iV) = -> and Ci* • (fe + h) = 0. 

• Case 1: Q -> v^fcj 

^Ippp = -(2a') 2 fc* • &2 C2 • &3C3 ■ ^ - 2a'C 2 • fcJCa ' k 2 
=0 

+2a'C 2 • Ca K ■ k 2 +2a'C 2 • h( 3 ■ k\ = 0. (74) 
=0 

• Case 2: C2 -> v / 2o 7 /c 2 

^Ippp = -(2a') 2 Ci* ■ k 2 k 2 -k 3 ( 3 ■ h - 2a' Q ■ k 2 ( 3 ■ k 2 

=0 

+2a'd ■ k 2 ( 3 ■ k 2 + 2a' Q • Cs = 0. (75) 

=0 
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Case 3: £3 



r 2o i k ?> 
Appp 



(2a') 2 Ci ■ k 2 (2 -hh- k 3 -2a' a ■ (2 k 2 ■ k 3 





1 /■* 



+2a'Q • ^C 2 • h + 2a'Q • h& ■ h = 0. 



(76) 



5. Ward identities for P((, kiJ-Mfe^, k 2 )-T(kz) 



From Eq. (l68p . we have 

ak\ ■ k 2 = —ak\ ■ k 3 = — 1 and ak 2 ■ k 3 = 0. 
• Case 1: £* -> V^h 

Apmt = 2de^k\\k\ v + kl) + V^e ■ k\ + (2a') 2 A;t ■ he^k^k" 
= 2de liv k\\k\ v - Ag) + v^e • fc* 

^e^A* + + eJ Vta/h? = 



(77) 



=0 by d condition 
Case 2: Type I vector zero- norm state 
In this case, we replace the polarization tensors as follows: 



+ e u k 2fl ) 



and e M -> e M . 



^4 PMT = a' C* • • (h + k 3 ) + (* • ek 2 ■ (h + k 3 ) + (* ■ e 
+2a' 2 C ■ k 2 [e ■ k\k 2 ■ k 3 + e ■ k 3 k\ ■ fc 2 ) 
= a'C ■ he ■ {h - k 3 ) = a'(* • k 2 e ■ (k 2 + iV) = 0. 



Case 3: Type II singlet zero-norm state 



(78) 



1 



In this case, we replace the polarization tensors as follows: e^ v — > 3d k 2il k 2v + -rj^ 



and e L 



5k 2 ^ - iVp 



Apmt = 3V2a'H*k 2 k 2 ■ (fcj + k 3 ) + J -(* ■ {k{ + k 3 ) 

+QV2a'IC ■ k 2 k\ ■ k 2 k 2 ■ k 3 + V2a^C ■ k 2 k\ ■ k 3 
a 



-C ■ {k\ + k 2 + k 3 - iV) = V2a'C ■ -iV) = Q 



(79) 
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6. Ward identities for P(Ci, ki)-M(e fMU , k 2 )-P((z, k%) 



From Eq. (l68p . we have 



2olk\ ■ k 2 = -2oi % ■ h = -2d k\ ■ k 3 = -1. 



From polarization conditions and momentum conservation, we have 



Q . (&* _ k 2 - k 3 - iV) = 
and Ca ■ (K - k 2 - k 3 - iV) = 



Ci ■ ^2 = -Ci ■ ^3 



Case 1: Ci* -> \/2a'k{ 



A 



PMP 



2V2^e, u Qkr - (2a')h^kT(kT + *£)C 3 ■ h + (2a')h^(h*y + K)k{ ■ k 2 
+ {2a')h^k*Skl(Cz ■ K - 2a'k\ ■ k 2 ( 3 ■ k 2 ) - 2a'e ■ kl( 3 ■ fo - 2a'e ■ CsK ■ k 2 
^^{kt - k 3 y + e M ] C£ - [V2^e^(^ - fc 3 )" + e„] (2a%% • h) 
f2d^ v {k 2 + iV)" + ej - [v^V(fc 2 + iV) v + ej (2^*% ■ h) 



0. 



Case 2: £ 3 



=0 by £1 condition 



=0 by £1 condition 



30) 



A 



PMP 



+(2a')h^k^k^(Ci ■ h ~ 2a'Ci ' ■ k 3 ) - 2a'e ■ £k 2 ■ h - 2a e ■ k 3 Q ■ k 2 



^^(kt - k 3 ) v + e„ 
/2oV(fc 2 + iVf + e t 



cr- 
cr - 



V^e^ih + iV) v + ej (2a'A#CI • k 



=0 by £1 condition 



=0 by £1 condition 



= 0. 



Case 3: Type I vector zero- norm state 

[a 7 

In this case, we replace the polarization tensors as follows: e^ u — ► y —(e^k 2u + e u k 2 ^) 
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and e M -> 



A 



PMP 



>/MCi* ■ eCs • h + d* • feCa • e) 

-v^a') 1 [Ci* • e(kl + fcg) • k 2 + Q ■ k 2 (k{ + k 3 ) ■ e] Ca • A: 2 
+v / 2(a / ) f Ci • ^2 [Ca • e(A£ + fc 3 ) • h + ( 3 ■ k 2 (k\ + k 3 ) ■ e 
+V2(a')l{e ■ k*k 2 ■ k 3 + k\ ■ k 2 e ■ k 3 )(Q • Cs - 2a'Q • k 2 ( 3 ■ k 2 ) 
-V2rtCi ■ e( 3 ■ k 2 - V2^Ci ■ hCs ■ e 

= 0. 



-e • (k 2 + iV)(Ci ■ Ca - 2a' £ • fcaCa • fej 



Case4: Type II singlet zero-norm state 

In this case, we replace the polarization tensors as follows: 



(82) 



3a'k 2fl k 2u + -rj^ 



and e,, 



Apmp = 6a'Cr • k 2 ( 3 ■ k 2 + Ci ■ Cs 

-6a ,2 Cr • fc 2 C 3 • fc 2 (fc* + k 3 ) ■ k 2 - a'Ci ■ (K + A; 3 )C 3 ■ h 
+6« ,2 Cr • k 2 ( 3 ■ k 2 (kt + k 3 ) ■ k 2 + a'Q ■ k 2 ( 3 ■ {k\ + fc 3 ) 
(6a' 2 kl ■ k 2 k 2 ■ k 3 + a'k\ ■ k 3 )(Ci ■ Cs - 2a'Cr • h( 3 ■ k 2 ) 
-5a'Ci ■ k 2 ( 3 ■ k 2 + ia'Cl • VQ 3 ■ k 2 - 5a'Q • k 2 ( 3 ■ k 2 + ia'Q ■ k 2 ( 3 ■ V 
= -a'Q ■ {k{ + k 2 + k 3 - iV)( 3 ■ k 2 + a'Ci* • k 2 ( 3 ■ (k{ -k 2 + k 3 + iV) 
= -2d XI ■ (kl - iV)( 3 ■ k 2 + 2a' d ■ hCs ■ (h + iV) = 0. (83) 

7. Ward identities for P((, h )-M(e$ , k 2 )-M(e$ , k 3 ) 



From Eq.( l68l) . we have 



a'k\ ■ k 2 = and a'k 2 ■ k 3 = 1. 
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Case 1: (* -> v^fcj 



.A 



PMM 



2a'k\ ■ k 2 (2a'e$k%k u 2 - V^e^ • k 2 ) (2a' e$k p 3 k° - >/2de<- 2) ■ k 3 ) 

+Aa'e^kTkl{2a'e^m - V^e^ . k 2 ) 

-Aa'e^kr^ 2 (2a'e^k^ - V^e^ . h ) 

( 4v / 2^ 7 e^ ) e( 2 ^^ + 4 v / 2^ 7 e!l ) e( 3 ^^ 
+2a • k 2 \ 

\ - 8a'e$e( 3)ua k 2a k% + 2e^e^ - Qe^ ■ e ( V 

+4V2ri6$e ( - 3 >k*/ - AV2a~'efy 2 >kT 
+tee$ef v K?h£ - 8a'e^>krk° 

-Aa'e^kTk^a'e^kl - V^e^ ■ k 3 ) + Aa' e^k^a' e^k p 2 k° - v^e® • k 2 ) 
+AVMe$^kr - AVMeW^kr + 8a'e^kre 3 - Sa'e^k^ 



=-v / 2a 7 



(k 3 +iV)° 



/2a>e ( J !)l ' (k 2 +iV)° 



-Aa'ef kTK [2a'ef}(kl-k 2 -Wr-V2^ef} ftg 



=2a'e ( pjki by £1 condition 
+Aa'^kTkl [2a'e^{k\-h- iV)' - 

=2a'e^ ) A:5 r by £1 condition 



= 0. 



(84) 



Case 2: Type I vector zero norm state for 
In this case, we replace the polarization tensors as follows: e^ 2 J — > \/^-(e^k 2u +e^k 2lI ) 
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and 4 2) — > e^ 2) 



.4 



PMM 



■ k 2 (2a'ef}k^k u 2 - Vtoe® ■ k 2 ) - 2v / 2^ 7 e{ t 3 i , ) C*^ 2 



(2a') § e^-k 3 k 2 -k 3 
-Via 1 ■ k 3 



+V2C/C ■ k 2 



2V2a' 'e^e^kl + A^2^e ( ^e^k u 2 
+ 4a'(e^ ■ e^k 2 ■ k 3 + ■ k 3 e^ ■ k 2 ) 
- 2(2a')l(e^e^k^k 2 ■ k 3 + ■ k 3 e$k%k%) - 6e^ ■ 
+2a'(C ■ e^k 2 -k 3 + C- k 2 e^ ■ k 3 ) (2a' e^k" - VWe® . fc 2 ) 
+2v / 2^ 7 (C* • e^e® • k 2 + (* • & 2 e (2) • e®) - 4 e ( 3 1 )C M e^ 

^(ege^Cfe • A; 3 + e< 2 > • A*eg>Ctf) - W(eg e ( 2 H 2 V • + e (2) • C*$*M 
2^C* • fc 2 (2a'egA£A£ - V2^e (3) • fc 2 ) - 2V^eg, ) C*'^ 2 ] (V^7e (2) • fc 3 ) 

6v / 2^ 7 ege( 2 )' 1 ^ + 4e( 2 ) • e^ 3 ) + 4a' e ( 2 ) • £; 3 e( 3 ) • k 2 
- AVMeffe^k" - 2(2a')f e( 2 ) • k 3 e { ^K - 6e^ • 
+ (2C* • e (2) + 2a'C • A; 2 e (2) • fc 3 ) (2a / eg)A;^ - v^e^ • fc 2 ) 
+2v / 2^ 7 (C* • e (2 V 3 ) • k 2 + (* • & 2 e (2) • e®) - 4eg]C* /1 e^ 

+4e (3) e (2)M r + We (2) . fc 3e (3) r ^ _ Aa'(e^e^kK* • + e (2) • = 0.(85) 



+v^a 7 C* • ^2 



Case 3: Type I vector zero norm state for 

In this case, we replace the polarization tensors as follows: — > \/ — (e^k^ + e u k 3fl ) 
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and e, 



'PMM 



{2a'efX,kl - v^ 2 ) • k 3 ) 



V2rt(* ■ k 2 (2a')h& ■ k 2 k 2 ■ k 3 - V2de^ . k 2 
2a' C ■ fc 3 e (3) • k 2 - 2d • C*A; 2 • £; 3 

2^>e { $e^kl + 4a'(e( 2 ) • e( 3 )£; 2 • k 3 + e {2) • k 3 e^ • h) 
+ 4V2a 1 e$e^k 3 ' - 2(2a')%(e$e^k 3 J k 2 • A; 3 + e$k%k%e<® ■ k 2 ) 
- 6e( 2 ) • e< 3 ) 

+2v / 2^ 7 e^ ) C* M ^ [(2c/)I e (3) • fc 2 A; 2 • k 3 - v^o 7 e (3) • A; 2 
+4e (2) c ^ e ( 3 ), _ 2v ^( e (2) . A; 3 C* • e < 3 ) + C* • fc 3 e (2) • e< 3 >) 

2a'C • (Jfe 2 - ^s)e (3) • A; 2 - 2e (3) • H {2a' e^k^ - v^e (2) ■ k 3 ) 

6y/2tfe$eW' i k% + 4e( 2 ) • e^ 3 ) + Aa'e^ • k 3 e^ ■ k 2 
■ A^2def u e^kl - 2{2a')h$k 3 l k 3 'eW ■ k 2 - Qe^ ■ 

+Aa'eflrKe^ ■ k 2 + 4e^C^ 3)u - 2v / 2^ 7 (e {2) • k 3 (* • + C* • k 3 t^ • e< 3 >) 

+4a'(e( 2 )e^^C • h + egfeC* ■ e {3) ) - Ae^e^r - Aa'e^k^ ■ k% 



+V2a 1 C ■ h 



= V2dC ■ (h + k 3 ) 

= V2dC ■ (K - iV) 
= 0. 



2V2def u e^kl - 2e( 2 ) • e^ 3 ) 

- y/2de<® ■ k 2 (2a'e ( ^k^k u 3 - y/2de<V ■ k 3 ) 

2V2a 7 e$e^k» - 2e( 2 ) • e( 3 ) 

- V2de® ■ k 2 (2a!e$k%k% - V^e^ ■ k 3 ) 



(86) 



Case 4: Type II singlet zero-norm state for 

In this case, we replace the polarization tensors as follows: effl — > 3a'k 2fM k 2v + -rj^ u 



and — > ^/~^~ (5k 2fl — iV^j First note that 



{2a'efXkl - e< 2 > . k 3 ) 

6a' 2 {k 2 ■ k 3 ) 2 + a'kl - 5a'k 2 ■ k 3 + ia'k 3 ■ V = 0. 
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•ApMM 

6a'e$k%k% + etyrT + 20a'e$k%k» - Aa'ie$k%V v 
= V2rt(* ■ k 2 + 12c/ v^e® . k 2 k 2 ■ k 3 + 2 v / 2^ 7 e {3) • fa 

- 2Aa' 2 e i $k 2 l k v 2 fa ■ k 3 - Aa'e^k^k" - lhy/2oteW ■ k 2 + Zy/2o/ie^ ■ V 
+ (6c/v / 2c7C* • fafa ■ fa + V2d(* ■ fa) (2ate$h%kZ - Vtoe® . fc 2 ) 

+ 12a'C* • A; 2 e (3) • k 2 + 2e {3) • C* - lOv^egC*^ + 2v / 2^eg ) C*^ 
+12a'v / 2^egC^ 2 ^2 • fa + 2y/2tfe$C' i % ~ Ua'V^e^k^C • ^2 - 2v / 2^ 7 egC^2 
26o / eg, ) fc£fc£ + eg 77"" - ^ieS^V 
= v^C* • ^2 + 12V2tfe® ■ k 2 + 2 v / 2^ 7 e (3) • fa ~ 24a / eg, ) A#A£ 

- Aa'e^k^kl - lby/2o/eW . ^ + 3^/2^(3) . y 

+ (6v / 2^ 7 C* • ^2 + v^C* • fa) {2a'e^k v 2 - v 7 ^ 3 ) • k 2 ) 
+ 12a'C* • A; 2 e (3) • k 2 + 2e {3) • C* - lOv^egC*"^ + 2v / 2^eg ) C*^ !/ 

+12^$^ + 2v / 2^egC^3 - 12a'V2^egfc£A£C* • ^2 - 2v / 2^e$C*^2 
2a'e$k 2 1 k% -Aa'e^k^(k^ + iV) -3V2c?e<® ■ k 2 

+ 2V2c/e ( V ■ fa + e$rf v + 3^f2di6^ ■ V 

+v / 2^ 7 C* • fa(2a'e^k^ - >/2^e (3) ■ fa) + 2C M U/2de$(fa + iVf + eg 

= V2dC ■ (fa + fa) (Za'e^kZfa - y/2tfe<® ■ fa) + 2^ [v^eg(fc 3 + iVf + eg] 
=C.(fcI-*v)=o ^ "* " " 

+v / 2^ 7 C* • fa [f&rT + v^e® • {2fa + 3zV) 



=0 by £1 condition 



=0 by £ 2 condition 



= 0. 



(87) 



Case 5: Type II singlet zero-norm state for 

In this case, we replace the polarization tensors as follows: eg — > 2>a'fa^fa v H — r]^ v 



and e M — > \j^-[bk 2lx — iV^j First note that 



2c/el 3 jH££ - v^e^ • fc 2 



c p<T n, 2 n, 2 - V ^« c - ri, 2 

6cv /2 (A; 2 • A; 3 ) 2 + a'fcf - 5c/A; 2 • A; 3 + ia'fo • V = 0. 
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A 



PMM 



= {-6a'V2dC ■ fafo • h - V2^C ■ h) {2a'e$k%k% - ■ fc 3 ) 



+V2a'C ■ h 



(2) 



+ 6a'e$k%k% + UoiVZa'e® ■ k 3 k 2 ■ k 3 + 2 v / 2c7e (2) • k 2 



+ 20a'e i $k 3 1 k 3 J - 4a'ie { $k%V u - 2Aa' 2 e ( ^k^k^k 2 ■ k 3 - Aa'e^k^ 
- ■ k 3 + 3V2o/ieW ■ V 

+10a'V2^€^C^K - 2V2dief u C»V v - \2a'C • k 3 e {2) ■ k 3 - 2e® ■ C 



2a>e$(k 2 + l VT + eV 



2a'(* ■ h)(2a'e$k$k» - VWe® . fc 3 ) - 2( 

egV* + 26a' e$k%k% + Uy^e^ ■ k 3 + 2 v / 2o 7 e^ ■ k 2 
-2Aa'e { Sk^ 3 -Aa'e^(k 2 + iVyk" 



+V2a'C ■ k 



[IV ' 

- 15V2o/eW ■ k 3 + 3V2die^ ■ V 



-2C [V2rte${h + iV) v + e^] +y/2tfC ■ h [e^V" + \^e (2) • (2k 2 + 3iV) 



=o by Ci condition 



=o by c 2 condition 



0. 



(88) 



B. Four-point Functions 

In the calculations of four-point stringy scattering amplitudes, we need to replace the 
momentum contractions in terms of Mandelstam variables, 

2a'k\ ■ k 2 = m\ + m\ — a's 

2a'ki ■ h = -m\ -m\ + a's + a't (89) 
2a'k 2 ■ k 3 = ml + mj — a't 

1. Ward identity for T(k A )-T(k 3 )-T(k 2 )-P(C, k x ) 

From Eq. (j89p . we have 

2a' ki ■ k 2 = —a's — 1 and 2a'k\ ■ k 3 = a't + a's + 2 
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The stringy Ward identities for this process can be checked by substituting the polarization 
vector for photon, £ — ► y/2a'ki, 



•Atttp 

T(-a't-l)T(-a's- 1) 

T(-a't - a's - 1) 
T(-a't - l)T(-a's - 1) 



T(-a't - a's - 1) 



[a't + a's + 2)(2a'k 1 ■ k 2 ) + (a's + l)(2a'k 1 ■ k 3 
[at + as + 2) (-a's - 1) + (at + as + 2) (a's + 1) 



0. 



(90) 



2. Ward identities for T(k 4 )- T(k 3 )-P((2 , k 2 )-P(& , h ) 
From Eq. fl89p . we have 

2a'k± ' k 2 = —a's , 2a'ki ■ k 3 = a't + a's + 1 and 2a'k 2 ■ k 3 = —a't — 1 
First, we substitute the polarization vector for first photon, (j — > y/2a'ki, 
Attpp 

' (a't + l)(a't + a's + 1) [v / 2o'C2 ■ k x - (2a')§A; 1 ■ k 2 Q 2 ■ fcj 
Y(-a't - l)r(-a's - 1) J -(a't + l)(a's + 1) [(2a')Hi • A&C2 • h] 

+ (a't + a's + l)(a's + 1) [(2a') ifo ■ k 2 ( 2 ■ k 3 ] 
+(a's + l)(a's) {(2a')h x -hC 2 -h\ j 

v / 2a 7 C2 • h (a't + l)(a't + a's + l)(a's + 1) 

-v / 2a 7 C2 • fci (a't + l)(a's + l)(a't + a's + 1) 

+v / 2a 7 C2 • &3 (a't + a's + l)(a's + l)(-a's) 

+v / 2a 7 C2 • &3 (a's + 1) (a's) (a't + a's + 1) 



Y(—a't — a's) 



T(-a't-l)T(-a's - 1) 
Y(—a't — a's) 



0. (91) 
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Then, we check the case with the replacement for the second photon, ( 2 — ► V2a'k 2 , 



r(— a't — a's) 



•Attpp 

' (a't + l)(a't + a's + 1) [v^Ci • k 2~ (2a') ^Ci • hh ■ k 2 ] 

T(-a't-l)T(-a's-l) J -(a't + l)(a's + 1) [(2a')§Ci ■ Mi • fca] 

+ (a't + a's + l)(a's + 1) [(2a')§G • A; 2 A; 2 • fc 3 ] 

+(a's + l)(aV) [(2o ! ')f Ci • fcafe • *r 3 ] , 

v^Ci • ^2 (a't + l)(a't + a's + l)(a's + 1) 

-V^Ci-h {a't+l){a's + l){-a's) 

+v / 2a 7 Ci • h (a't + a's + l)(a's + l)(-a't - 1) 

+v / 2a 7 Ci • ^3 (a's + 1) (a's) (-a't - 1) 



Y(-a't- l)T(-a's- 1) 
r(— a't — a's) 



0. (92) 



5. WW identities for T(k 4 )-P(( 3 , k 3 )-P(( 2 , k 2 )-P(Ci, h) 



From Eq. (l89p . we have 

2a' ki ■ k 2 = —a's , la k\ ■ k 3 = a't + a's + 1 and 2a'k 2 ■ k 3 = —a't 



We replace the polarization vectors of each photon in turn: 



Case 1: Ci ~^ \j2a'k\ 
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Atppp 

F(-a't - l)r(-a's - 1) 



x 



r(-a't - a's + 1) 

f (a't + 1) (a't) 

(a't + a's) ^ + (a't + l)(a's + 1) 
+ (a's + l)(a's) 



(2a') 2 h ■ k 2 ( 2 ■ fciCs • fci - 2a'C 2 • fciCs • fci 
-(2a') 2 A:i • & 2 C 2 • A; 3 C 3 • h + (2a') 2 A;i • A; 3 C 2 • ^iCs • ^ 
-(2a') 2 h ■ k 3 ( 2 ■ k 3 ( 3 ■ k 2 + 2a' h ■ k 3 ( 2 • C 3 ) 



x < 



+(a't + 1) (a's + 1) 
+ (a't + a's + l)(a't + a's 



(a't) 
+ (a's) 
(a't + 1) 
+{a's + l) 



(2a') 2 h • k 3 ( 2 ■ k ± ( 3 ■ k x - 2a'( 2 ■ h( 3 ■ h 
-(2a') 2 h ■ k 3 ( 2 ■ k 3 ( 3 ■ h + 2a'( 2 ■ k 3 ( 3 ■ h 
(2a') 2 h ■ k 2 ( 2 ■ h( 3 ■ k 2 - 2a'C 2 ■ h( 3 ■ k 2 
-{2a') 2 h ■ k 2 ( 2 ■ k 3 ( 3 ■ k 2 + 2a' k, ■ k 2 ( 2 ■ ( 3 



F(-a't- l)T(-a's- 1) 



x 



(a't + a's) 



x < 



T(-a't-a's + 1) 

-(a't + 1) (a't) (a's + 1) (2a' ( 2 ■ h( 3 ■ h) 

+ (a't + l)(a's + l)(a's) (2a'C 2 • h( 3 • h) 

+ (a't + l)(a't + a's + l)(a's + 1) (2a'C 2 • ^Cs • k 2 ) 

-(a't + a's + l)(a's + l)(a's) (2a'C 2 • A; 3 C 3 • k 2 + C 2 • Cs) 

f \ (a't)(a't + a's) (2a'( 2 ■ h( 3 ■ h) 

+ (a t + l)(a s + 1) 

-(a't + a's) (a's) (2a' ( 2 ■ k 3 ( 3 ■ h) 

>++ > MV ^ M ["(«'* + IK^ + I) (2^2 • *iCi • fe) 
+ (a t + a s + l)(a t + a s) 

+ (a's + l)(a's) (2a'C 2 • A; 3 C 3 • A: 2 + C 2 • Cs) 

• Case 2: C 2 -> V^fe 



> = 0. 



(93) 
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Atppp 

F(-a't - l)r(-a's - 1) 



x 



x < 



r(-a't - a's + 1) 

f (a't + 1) (a't) 

(a't + a's) ^ + (a't + l)(a's + 1) 
+(a's + l)(a's) 

+ (a't + l)(a's + 1) 
+ (a / t + a's + l)(a / t + a / s 



(2a') 2 A;i • & 2 Ci • & 2 C 3 • fci - 2a'Ci • A; 2 Cs • fci 

- (2a') 2 A; 2 • fc 3 G • A; 2 C 3 ■ fci + (2a') 2 h ■ k 2 d ■ k 3 ( 3 ■ k 2 

- {2a') 2 k 2 ■ k 3 Ci ■ hCs ■ h + v^Ci • h{ 3 ■ h) 
(2a') 2 k 1 ■ k 2 d ■ k 3 ( 3 ■ h - 2a'h ■ k 2 ( x ■ ( 3 
(2a') 2 k 2 ■ A: 3 Ci • k 3 ( 3 • h + 2a' k 2 ■ k 3 d • C 3 
(2a') 2 k 1 ■ k 2 d ■ k 2 ( 3 ■ k 2 - 2a'(i ■ k 2 ( 3 ■ k 2 

- {2a') 2 k 2 ■ k 3 d ■ k 2 ( 3 ■ k 2 + 2a'Ci • k 2 ( 3 ■ k 2 




x < 



T(-a't- l)r(-a's- 1) 
T(-a't-a's + l) 

(a't + a's) 

+ (a't + l)(a's + 1) 
+ (a't + a's + l)(a't + a's) 



x 



-(a't + l){a't){a's + 1) (2a'Ci • k 2 ( 3 ■ h) 
+ (a't + l)(a't)(a's + 1) (2a'G • k 2 ( 3 ■ h) 
-(a't + l)(a's + l)(a's) (2a'(i ■ k 3 ( 3 ■ k 2 ) 
+ (a't + l)(a's + l)(a's) (2a'G • A; 3 C 3 • h) 
-(a't) (a's) (2a'G ■ k 3 ( 3 ■ h - Ci • Cs) 
+ (a't) (a's) (2«'Ci • A: 3 C 3 • fci - Ci • Cs) 
-(a't + l)(a's + 1) (2a'Ci • A; 2 C 3 • k 2 ) 
+ (a't + l)(a's + 1) (2a'Ci • A; 2 C 3 • Afc) 



(94) 
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Case 3: £3 



x < 



Atppp 

Tj-a't - l)r(-a's - 1) 
T{-a't - a's + 1) X 

(a't + 1) (a't) 

(a't + a's) { +(a't+l)(a's + l) 

+ (a's + I) (a's) 

+ (a't+l)(a's + 1) 

{a't + a's + l)(a't + a's 
T(-a't-l)T(-a's - 1) 




(2a') 2 h ■ k 3 d ■ k 2 ( 2 ■ ki - 2a'h ■ k 3 d ■ (2 
(2a') 2 h ■ k 3 d ■ k 2 ( 2 ■ k 3 + (2a') 2 k 2 ■ k 3 d ■ k 3 C,, • / M 
(2a') 2 k 2 ■ k 3 Ci • h( 2 ■ k 3 + 2a'G ■ k 3 ( 2 ■ k 3 ) 

(2a') 2 h ■ k 3 d ■ h( 2 ■ h - 2a'(i ■ k 3 ( 2 ■ h 

- (2a') 2 h ■ k 3 d ■ k 3 ( 2 ■ k 3 + 2a/ & ■ k 3 ( 2 ■ k 3 
(2a') 2 k 2 ■ k 3 d ■ k 2 ( 2 ■ h - 2a'k 2 ■ k 3 d ■ (2 

- (2a') 2 k 2 ■ k 3 d ■ k 2 ( 2 ■ k 3 + 2a'd • h( 2 ■ k 3 



(a't + a's) 



x < 



F(-a't - a's + 1) 

(a't + l)(a't)(a't + a's + 1) (2a'G ■ k 2 ( 2 ■ h - (i ■ d) 
a't + l)(a't + a's + l)(a's + 1) (2a'G ■ k 2 ( 2 ■ k 3 ) 
-(a't + 1) (a't) (a's + 1) (2a' Qi • hd ■ h) 
+ (a't + l)(a's + l)(a's) (2a' d ■ k 3 ( 2 ■ k 3 ) 

(a't)(a't + a's) (2a' d ■ k 3 ( 2 ■ k x ) 
-(a't + a's)(a's) (2a'(i ■ k 3 ( 2 ■ k 3 ) 
-(a't + l)(a't) (2a' d ■ k 2 ( 2 ■ h - d • C2) 
+ (a't + l)(a's + 1) (2a? & ■ hd ■ k 3 ) 



+ (a't + l)(a's + l) 
(a't + a's + l)(a't + a's 



0. 



(95) 



4. Ward identities for T(k 4L )-T(k 3 )-M(e ilv , k 2 )-P((, k x ) 



From Eq. (l89l) . we have 

2a k\ ■ k 2 = —as + 1 , 2a'k x ■ k 3 = at + as and 2ak 2 ■ k 3 = —at 
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Case 1: ( 



x < 



x < 



Attmp 

r(-a't-l)r(-a's-l) 



x 



r(-a't - a's + 1) 

{a't + l)(a't) 

(a't + a's) < 

+(a't+ l)(a's+ 1) 
+(a's + l)(a's) 
(a't+l)(a't) 
+(a's + l) I +(a't + l)(a's) 
+(a's)(a's - 1) 

F(-a't - l)F(-a's - 1) 
r(-a't- a's + 1) X 

-(a't + 1) (a't) (a's + 1 

{a't + a's) +(a't+l)(a's + l){a's 

-(a's + l)(a's)(a's - 1 

(a't + l)(a't)(a't + a's 

+ (a's+l) -(a't+l)(a't + a's)(a's 

+ (a't + a's)(a's)(a's- 1 

Case 2: Type I vector zero norm state 



2a'h ■ k 2 {2a't il XxK ~ V2de • h) 
-Aa'e^kl + 2 v / 2o 7 e • k x 
- 2(2a') 2 k 1 ■ k 2 e^KK + ^ol^KK 
2a'k 1 ■ k 2 (2a'e lxv k^kl - V2de ■ k 3 ) 

2d h ■ k 3 (2a'e fM/ k^k'( - ^/2de ■ h) 
- 2(2a') 2 h ■ he^k^j 
2dk x ■ h{2a'e^kl - ^/2de • k 3 ) 



{2a'e lll/ k^k v 1 - V2de ■ h) 



(Aa'e^k^ 
(2de ll X 3 K - V2de ■ k 3 ) 
(2a'e^k u l - V2de ■ k x ) 
{Aa'e^kD 

(2d - V2de ■ k 3 ) 



> = 0. (96) 



In this case, we replace the polarization tensors as follows: e 
and e„ -> e„. 



— {e^k 2v + e v k 2ll ) 



For late convenience, we first simplify the following polarization projections, 
2a l €^k u l - V2a'e ■ h =>- (2a h ■ k 2 ) (\f2a'e ■ h) - V^e ■ k x 



= -(a's)(V2a'e- h) 

-Aa'e^klkl =>- -(2a'k 1 -k 2 )(V2a~'e-k 3 )-(2a'k 2 -k 3 )(V2a 7 e 

= (a's - l)(V2a'e ■ k 3 ) + (a't)(\f2a'e ■ h) 

2a'e lxv k^k 3 - \p2a't ■ k 3 (2a k 2 ■ k 3 ) (\p2a'e ■ k 3 ) - \p2de ■ k 3 

= -{a't+ l)(v^a 7 e • k 3 ) 

-2\f2a 'e^CK + 2e • C => -2a h ■ k 2 ( ■ e - 2a Q ■ k 2 e ■ h + 2( ■ e 

= (a's + 1)C • e - 2a'( ■ k 2 e ■ h 

2\ / 2a~'e IIU Ck 3 =>• 2a k 2 ■ k 3 ( ■ e + 2a'( ■ k 2 e ■ k 3 

= -(a't)( ■ e + 2a'( ■ k 2 e ■ k 3 . 
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We have 



Attmp 

F(-a't- l)T(-a's- 1) 



x 



r(-a't-a's + l) 

(a't + l)(a't) 



(a't + a's) < 



x < 



+(a't + l)(a's + 1) 



+(a's + l) < 



-(a's)(2a'(-k 2 e-fa) 
+ (a's + 1)C • e - 2a'( ■ fae ■ fa 

(a's-l)(2a'(-k 2 e-fa) 
+ (a't)(2a'( ■ k 2 e- fa) 
- (a't)C ■ e + 2a' C ■ k 2 e ■ k 3 
+ (a's + l)(a's) - (a't + l)(2a'( ■ k 2 e ■ fa 
(a't + l)(a't) - (a's)(2a'( ■ fae ■ fci)] 

(a's - l)(2a'C- fae- fa 
+ (a't)(2a'(-fae-fa) 
- (a't + l)(2a'(-fae-fa) 



+ (a't + l)(a's) 



(a't + a's 



x < 



+ (a's)(a's - 1) 

T(-a't-l)T(-a's -1) 
Y(-a't-a's + 1) 

-(a't + 1) (a't) (a's + 1 

+ (a'i+ 1) (a't) (a's + 1 

+ (a't + l)(a's + l)(a's 

+(a't + l)(a't)(a's + 1 

-(a't + l)(a't)(a's + 1 

-(a't + l)(a's + l)(a's 

-(a't + 1) (a't) (a's 

+ (a't + 1) (a's) (a's - 1 

+ (a't + 1) (a't) (a's 

-(a't + 1) (a's) (a's - 1 



+ (a's + 1) 



(2a'C • fae ■ fa) 
(C-e) 

(2a'C • A; 2 e • fc 3 ) 
(2a'C • fae ■ fa) 
(C-e) 

(2a'C • fae ■ fa) 
(2a'C • fae ■ fa) 
(2a'C • fae ■ fa) 
(2a'C • fae ■ fa) 
(2a'C • fae ■ fa) 



> = 0. 



(97) 



3a'fa^k 2u + ^r}f, u 



Case 3: Type II singlet zero- norm state 

In this case, we replace the polarization tensors as follows: e^ u 
^(sfa^-iV^. 

The relevant polarization constraints are given as follows: (V is the dilaton gradient 



and e, 
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vector, V* = d^) 



2de ilv k^k\ - V2c/e ■ h Qa' 2 ^ ■ k 2 ) 2 + a'kj - 5a'h ■ k 2 + ia'h ■ V 



2a'e tlv k 3 k 3 — Vzct'e • k 3 



= h a ' s _ 1)2 + h a ' s _ i) = h a ' s )( a 's _ i) + ( a 's - 1) 
2 2 2 

-12a' 2 h ■ k 2 k 2 ■ k 3 - 2a'fci • A; 3 
= -3(a't)(a , s - 1) - (a'i + a's) 

Qa' 2 (k 2 ■ k 3 ) 2 + dk\ - ha'k 2 ■ k 3 + ia'k 3 • V 



2^t^kl 



\(a% 2 + h -{a't) + 1 



[a't+l)(a't) + (a'i + 1) 



(-6a' h ■ k 2 )(V2d( ■ h) - v^C • h + Sv^C • ^2 - • V 

= 3(a's + lXv^C • *&) - v^C • ^2 

(6a'A; 2 • fc 3 )(v / 2^ 7 C • h) + v^C • h 
= -3(a'*)(v / 2a 7 C ' fo) + • ^3 



Notice that the dependence on V in all these invariant combination are absorbed into 



Mandelstam variables. 



Attmp 

r(-a't-l)r(-a's - 1) 



x 



r(-a't - a's + 1) 

(a't + 1) (a't) 



(a't + a's) < 



x < 



+ (a't + l)(a's + 1) 



+ (a's + l)(a's) 



-(a's) (a's - l)(v^a'C- fo) 
2 

+ (a's-l)( v / 2a 7 C-^) 

+ 3(a's + ^(v^C • k 2 ) - V^C ■ h 

- 3(a't)(a's-l)(V2a 1 (-k 2 ) 

- (a't + a's)(V2a 7 ( ■ k 2 ) 

- 3(a't)(V2a 7 ( ■ k 2 ) + v^C ■ h 
^(a't)(a't+ l)(V2^C,-h) 



+ (a't + 1 
(a't + 1) (a't) 



+(a's + l) < 



+(a't+ l)(a's) 
+ (a's)(a's - 1) 



+ 



+ 



(V^C ■ k 2 ) 

a's)(a's-l)(^V2^(-k 3 ) 
a's - l)( v / 2a 7 C- ^s) 

a't)(a's-l)(3V2a 7 C-^3) 
a't + a's)(V2a'C- h) 

a't + l)(a't)(^V2ti(-k 3 ) 
a't + l)(V2a 1 (-h) 
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(a't + a's) 



x < 



T(-a't - l)T(-a's - 1) 
T(-a't - a's + 1) X 

(a't + 1) (a't) (a's) (a's + 1 

+ (a't + l)(a't)(a's + l 

-(a't +1) (a't) (a's + l)(a's 

-(a't +1) (a't) (a's + 1 

-(a't + l)(a's+ l)(a's 

+ (a't + l)(a's + 1 

+ (a't+l)(a't)(a's+ l)(a's 

(a't + l)(a's + l)(a's 

(a't+ 1) (a't) (a's) (a's - 1 

+ (a't+l)(a't)(a's - 1 

-(a't + 1) (a't) (a's) (a's - 1 

-(a't + l)(a't + a's)(a's 

+ (a' t+ I) (a't) (a's) (a's - 1 

+ (a't+l)(a's)(a's - 1 
T(-a't - l)T(-a's - 1) 



+ (a's + l) 



T(-a't - a's + 1) 



x 



(a't + a's) 



x < 



+ (a's + l) 



[a't + l)(a's + l)(- 
+ (a't+l)(a't)(a's-l) (v 
-(a't + 1) (a't + a's) (a's) (v 
+ (a't + l)(a's)(a's- 1) (v 



-V^C ■ k 2 ) 
V2^C ■ h) 
sV^C ■ k 2 ) 
V^C ■ h) 
v^C • h) 
V2rtC ■ h) 
^V2rt( ■ k 2 ) 
V2rt( ■ h) 

\y^C ■ h) 

V^C ■ h) 
sV^c ■ k 3 ) 
V^C ■ h) 
^V^c ■ k 3 ) 
V2rt( ■ k 3 ) 



j2dC, ■ k 3 ] 
■ h) 
2rt( ■ h) 
2^C • h) 



o. 



(98) 



5. Ward identities for T(k 4 )-P '((3, fo >M(e>, k 2 )-P(&, fa ) 



From Eg. f!89j) . we have 



2a'ki ■ k 2 = —a's + 1 , 2a'ki ■ k 3 = a't + a's and 2a'k 2 ■ k 3 = —a't + 1 
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Case 1: £1 — > \/2a'k\ 



Atpmp 

r(-a't-l)r(-a's-l) 
T(-a't - a's + 2) X 



(a'* + l)(a's + 1) < 



x < 



(a't + a's - 1) < 



(a't) (a't- 1) 
+(a't)(a's) 
+(a's)(a's - 1) 
(a't + 1) (a't) (a't- 1) 

+(a't + l)(a't)(a's + 1) 

+ (a't + l)(a's + l)(a's) 
+ (a's + l)(a's)(a's - 1) 



( - Aa'e^ktkl) 
(2a'e^k%k» - V2o/e ■ k 3 ) 



+ (a't + a's)(a't + a's - 1) < 



- (2a')U 1 .fc 3 C 3 -fci 

- (2a')Ui-fc 3 C3-fci 
v^Cs ' h 

~ (2a')h 1 -hC 3 -k 1 

- (2a')§&i • foCs • hfa'e^kfk" - y^e ■ k ± ) 
+ 2 V / 2^ 7 C3 • *4(2aVW - v^e • fcj) 

- (2a / )§fci • A; 3 C 3 • k^a'e^k^ - V^e ■ h) 
+ 2(2a')lk l -k 2 ^-k l e liy ktK 

- 2(2a')H 3 -k 1 e^K 

- (2a') Ui • A; 2 Cs • h{2a' e^k^ - • fc 3 ) 
+ 2(2a')lk 1 -k 3 C 3 -k 2 e^k^ 

- 2(2a')lk 1 -k 3 e^Q 

- (2a')h 1 ■ k 3 ( 3 ■ k 2 (2a'e^k u 3 - V^e ■ k 3 ) 
+ 4a' h ■ k 3 (V2^e^Q - e ■ ( 3 ) 

. , w . ,\ ~ (2a') § h ■ k 2 ( 3 ■ k 2 (20V fcffc? - v^e • fci) 
+ 2^2a 7 C 3 • k 2 {2a'e^k^kl - \[2a'e ■ k ± ) 

2(2a') 5 2k 1 -k 2 C 3 -k 2 e^k^ 3 
- 2(2a')h 1 ■ k 2 e^C 3 
+ 2v / 2a 7 e^C 3 y -2(2a / )fC 3 - k 2 e^k 
- (2a')h 1 ■ k 2 ( 3 ■ k 2 (2a'e^k^ - V^e ■ k 3 ) 
+ ia'h-k^VMe^Q -e-Cs) 



+ (a't + l)(a's + 1) 



+ (a's + l)(a's) 
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F(-a't- l)F(-a's- 1) 



x 



(a't + l)(a's + 1) 



r(-a't - a's + 2) 

-(a't)(a't- l)(a't + a's- 1) (a 
+ (a't)(a't + a / s- l)(a's) (a 
-(a't + a's- 1) (a's) (a's- 1) (a 
(a't + 1) (a't) (a't - l)(a's + 1 
-(a't + l)(a't)(a't + a's) (a's + 1 



+(a't + a's - 1) 



x < 



+(a't + a's)(a't + a's - 1) 



-(a't + l)(a't 
+(a't + l)(a's + 1 
+ (a't+ l)(a't + a's 
-(a't + l)(a't + a's 
-(a't + a's)(a's + 1 
+ (a't + a's) (a's + 1 
(a't + 1 
-(a't + 1 
+ (a't + l 
+ (a's + 1 
-(a's + 1 



)(a's + l)(a's 
) (a's) (a's — 1 
)(a's + l)(a's 
)(a's + l)(a's 
) (a's) (a's - 1 
) (a's) (a's — 1 
) (a't) (a's + 1 
)(a's + l)(a's 
)(a's + l)(a's 
) (a's) (a's — 1 
) (a's) (a's — 1 



2a' Cs • k^a'e^kl - V^e ■ h) 

2dC, 3 ■ k^a'e^kl - ^[2a'e ■ k 3 ) 
V^Cs ■ h)(2a' 'e^kl - V^e ■ h) 
V^Cs • k 2 )(2a't^k v 1 - V2^e ■ h) 
v / 2a 7 C3-fci)(4a'e^^^) 
V^Cs • h)(2a'e^k^ - y^e ■ k 3 ) 
v / 2a 7 C3-fc 2 )(4a'e^^^) 

VSa'Cs • k 2 )(2a' e^k^kl - ■ k 3 ) 

2V2a 7 e^Q - 2e • C 3 ) 
a/^Cs • k 2 )(2a'e^k^ - V^e ■ h) 
V2rt( 3 -k 2 )(4a'e^k») 



V2a'( 3 ■ k 2 )(2a't^kl - V2a'e ■ k 3 ) 
2y/2tfe IJH ,k£Q - 2e • ( 3 ) 



0. 



(99) 
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Case 2: Cs -> v^&s 



r(-a't- l)r(-a's- 1) 
r(-a't - a's + 2) 

(a't)(a't-l) 



x 



(a't + l)(a's + 1) < 



+(a't)(a's) 
+(a's)(a's - 1) 
(a't+ l)(a't){a't- 1) 



(2a'e M „A;f ^ - V^e ■ k±) 
( - 4aV#A£) 
(Za'e^hl - V2o/t • fc 3 ) 



v^G • ^3 

- (2a')U 1 .fc 3 Ci-fc3 

- (2a')Ui-fc 3 Ci-fc3 

v^Ci ' ^3 

- (2a')iA; 1 -fc3Ci-fc 3 

- (2a')^i • ^sCi • h^a'e^kfk" - V2rte ■ h) 
+ 4a' h ■ k 3 (V2^e^K - e • Ci) 

- (2a')§A; 2 • A; 3 Ci • k 3 {2a! - v^e • fci) 



+(a't + l)(a't)(a's + 1) 



x < 



(«'t + a's - 1) < 



+ (a't + l)(a's + l)(a's) 

+(a's + l)(a's)(a's - 1) 

(a'i + l)(a't) 



+(a't + a's)(a't + a's - 1) < 



+ (a't+ l)(a's + 1) 



+ (a's + l)(a's) 



+ 2{2a')2k 1 -hCi-k 2 e ll XK 

- 2(2a')lk 1 -k 3 e^k% 

- (2a')^i • ^sCi • k 2 (2a'e^kl - V^e ■ fc 3 ) 
+ 2(2a')lk 2 -k 3 ( 1 -k 3 e IMU k?k» 3 

- 2(2a')iCi • he^kl 

- (2a')h 2 ■ k 3 C x ■ k 3 (2a'e^k u 3 - V^e ■ k 3 ) 
+ 2 v / 2a 7 Ci ' h(2a'e^k^ - V^e ■ k 3 ) 

- (2a')h 2 ■ k 3 d ■ k 2 {2d e^kl - y^t ■ k±) 
+ 2-j2a~'k 2 ■ k 3 {V2de^K - e • Ci) 

2(2a')fA; 2 -fc 3 Ci-fc 2e ^A;f^ 
- 2(2a')fCi-A; 2 e^^^ 
+ 2v / 2a 7 e /li ,Cr^ 3 - 2(2a')h 2 ■ k^lK 

- (2a')h 2 ■ k 3 d ■ k 2 (2a'e^k^ - V^e ■ k 3 ) 
+ 2 v / 2a 7 Ci • k 2 (2a'e^k^ - V2de ■ k 3 ) 
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F(-a't- l)F(-a's- 1) 



x 



(a't + l)(a's + 1) 



+ (a't + a's - 1) 



x < 



T(-a't - a's + 2) 

-(a't)(a't- l)(a't + a's- 1) 
+ (a't)(a't + a's - l)(a's) 
-(a't + a's- l)(a's)(a's- 1) 
-(a'* + l)(a't)(a't - l)(a't + a's 
+(a't + l)(a't)(a't - l)(a't + a's 
+ (a't + \){a't)(a't - l)(a's + 1 
+(a't + l)(a't)(a't + a's)(a's + 1 
-(a't + l)(a't)(a't + a's)(a's + 1 



+ (a't + a's)(a't + a's - 1) 



(a't + l)(a't + a's) 
-(a't + 1) (a't) 
+(a't + 1) (a's + 1) 
+ (a't + 1) 
-(a't+ 1) 
-(a't + 1) 
+(a't + 1) 
+(a't) 



(a's + l)(a's 
(a's + l)(a's 
(a's) (a's — 1 
(a't) (a't - 1 
(a't) (a't - 1 
(a't) (a's + 1 
(a't) (a's + 1 
(a's + l)(a's 



2a' Ci • k z )(2a'e iiu k^k v l - V2a'e ■ h 
^d-h^Aa'e^k^) 

• h)(2a'e^k%k% - ■ k 3 

(v^a'Ci • k 2 )(2a.'e^k v 1 - V^e ■ h) 

(2V2^e^K - 2e • Ci) 

(v^Ci • h)(2a' e^k" - • fcx) 

(v / 2a 7 Ci-fe)(4a / e^^^) 

(v / 2a 7 Ci-^ 3 )(4aV^^; 
(v / 2^ 7 Ci-A:3)(2aV^^ 
(v^Ci • k^de^kl - V2^e ■ h) 
(2^'e^k\ - 2e • Ci) 
(v / 2a 7 Ci'A: 2 )(4aVA;l t ^) 

(v / 2a 7 Ci'A: 2 )(2a' e ^^^ 



2a'e • fc 3 ) 
2a r e • fc 3 ) 



'2a'e • 



0. 



(100) 



• Case 3: Type I vector zero norm state 

In this case, we replace the polarization tensors as follows: e MJ , 
and e„ -> e... 



(e^/c 2 i/ + e„A;2 M ) 
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First note that 
lole^kl - V^e ■ fa 

2a'e^ v k 3 k 3 — V2a'e ■ k 3 

-2^'e^K + 2e • Cs 
2^e^k\ 

— 2t[ivCi C3 



(2a'fa-k 2 )(V2a'e-fa)-V2a'e-fa 
= -(a's)(V2a ! e- fa) 

-(2a fa ■ k 2 )(V2a 1 e ■ k 3 ) - (2a' k 2 ■ k 3 )(V2a ! e • fa) 
= (a's - l)(V2c/e ■ k 3 ) + (a't - l)(V2a'e ■ fa) 
=>> (2a'k 2 - k 3 )(V2a 7 e- k 3 ) - \p2a'e-k 3 

= -(a'tfiV^e- k 3 ) 
=^ -2a fa ■ fad ■ e - 2a'(i ■ k 2 e ■ fa + 2(i ■ e 

= (a's + l)Ci • e — 2a'd ■ k 2 e ■ fa 
=>- 2a k 2 ■ k 3 (i ■ e + 2a'(i ■ k 2 e ■ k 3 
= -(a't + l)d • e + 2a' d ■ k 2 e ■ k 3 

-2a'k 2 ■ k 3 C 3 ■ e - 2a'C 3 • fae ■ k 3 + 2( 3 ■ e 
= (a't - 1)( 3 • e - 2a'( 3 ■ k 2 e ■ k 3 
2a fa ■ k 2 ( 3 ■ e + 2a'( 3 ■ k 2 e ■ fa 
= -(as - 1)( 3 ■ e + 2a ( 3 ■ k 2 e ■ fa 
=>• -V2a'(i ■ hG ■ e - v^Ci • <3 • fa. 
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(a't + l)(a's + l) < 



+(a't)(a's) (Ci • Cs - 2^1 • fcsCs • fci) 



(a't + 1) (a't) (a't- 1) 



+ (a't + 1) (a't) (a's + 1) 



+ (a't + a's - 1) < 



+ 



+ 



+(a't + l)(a's + l)(a's) 



x < 



r(-^t-i)r(-^-i) 

^ TPMP " r(-a't-a's + 2) X 

- 1) (Ci • Cs - 2a'Ci • A; 3 Ca • fa)(a's)(^e • A*) 

(a's - l)(v^a 7 e-fc 3 ) 
+ (a't- l)(-\/2a 7 e-fci) 
-0/.s)(>.'.s 1) u .; • C, 2a'Ci • h( 3 ■ fa)(ott)(y/2de ■ fa) 

(a's)(2a'Ci ■ fa( 3 ■ fa)(V2a!e ■ fa) 
(a , s + l)(v / 2a 7 C3-A;iCi-e) 
{2a' C,i ■ fad ■ fa){V2^e-fa) 
(a's)(2a'd ■ fad ■ k 2 ){V2^e ■ fa) 
(a's - l)(2a'Ci • fad ■ fa)(s/2a~'e • fa) 
(a't - l)(2a'Ci • fad ■ fa)(V2a 7 e ■ fa) 

(a't - l)(2 v / a 7 C3 • fciCi • e ) 
(2a'( 1 -k 2 ( 3 -fa)(2Va 7 e-k 3 ) 
(a't)(2a'Ci ■ k 2 ( 3 ■ fa){y/2tfe ■ fa) 
(a's - l)(2a'G • A; 3 C 3 • fa)(^e ■ fa) 
(a't - l)(2a'G • A; 3 C 3 • fa)(V2a 7 e ■ fa) 
(a's-lXV^d-faCs-e) 
(2a'Ci-faC 3 -k 2 )(V2a 7 e-fa) 
(a't)(2a'Ci ■ fa( 3 ■ k 2 )(V2a 1 e ■ fa) 
(a't+l^V^d-faCs-e) 
(2a'Ci-faC 3 -k 2 )(V2a 7 e-fa) 

(a's)(2a'd ■ fad ■ k 2 )(V2a 1 e ■ fa) 

- (a's + lXV^Cs-faCi-e) 
+ (2a! & ■ fad ■ k 2 )(V2a'e- fa) 

- (a's - l)(2a'Ci • faCs • fa)(y/2ote • fa 

- (a't - l)(2a'Ci • fad ■ k 2 )(^2a'e ■ fa] 
+ (a's-l)(V2^Ci-k 2 C3-e) 

- (2a'( 1 -k 2 (; 3 -fa)(V2^e-fa) 
+ v^Ci • k 2 ( 3 ■ e 
+ V^d • fad ■ e 
+ (a't-l)(V2^Cs-k 2 Ci-e) 

- (2a'C 1 -k 2 ( 3 -fa)(V2^e-fa) 
(a't) (2a' d ■ fad ■ fa) (V^e ■ fa 



+ (a's + l)(a's)(a's - 1) 



+ 



+ 



(a't + 1) (a't) 



+ (a't + a's)(a't + a's - 1) < 



+ (a't+ l)(a's + 1) 



I ( r, I 1 \( n \ 



I _/.! i 1 \ / /o _ //• J- A _N 
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F(-a't- l)F(-a's- 1) 



x 



T(-a't - a's + 2) 

(a't + l)(a't)(a't - l)(a's + 1) 

+ (a't + 1) (a't) (a's + 1) 



+(a't + a's - 1) < 



x < 



+ (a't + l)(a's + l)(a's) 



+ (a's + l)(a's)(a's - 1) 



(a't + 1) (a't) (a's + 1) 



(a't + a's) (a't + a's - 1) < 



+ (a't + l)(a's + 1) 



+ (a's + l)(a's) 



2a'( 1 -k 2 ( 3 -k 1 )(V2a 1 e-k 1 ) 
V^Cs ■ fciCi • e) 
a's)(2a'Ci • A; 3 C 3 • fc 2 )(v / 2^ 7 e • fcx) 
a's)(2a'Ci • k 2 ( 3 ■ k^y/Safe ■ k 3 ) 
a't - l)(2a'Ci • k 2 ( 3 ■ fc 1 )( v ^a 7 e • fci) 
_+ (a't - l)(2 v / a 7 C3 - fciCi -e) 

(a't)(2a'Ci • k 2 ( 3 ■ kJiVtoe ■ k 3 ) 

- (a't) (2a' Ci • k 3 ( 3 • A; 2 )(v / 2a 7 e • h) 

- (a's - l)(2a'Ci • k 3 ( 3 ■ k 2 )(V2a 1 e ■ k 3 ) 
+ (a's-l)(V2^Ci-hC3-e) 

(a't)(2aXi-k 3 C 3 -k 2 )(V2^e-k 3 ) 

- (a't)(V2^Ci-h^-e) 
+ (2aX 1 -k 3 C 3 -k 2 )(V2^'e-k 3 ) 

2a'( 1 -k 2 ( 3 -k 2 )(V2a 7 e-k 1 ) 
v^Cs • ■ e) 
a't) (2a'Ci • fc 2 C 3 • fc 2 )( v / 2a 7 e • fcj) 

a't) (V^Cs • fc 2 Ci -e) 
a's)(2a'Ci • A; 2 C 3 • A; 2 )( v / 2a 7 e • k 3 ) 
a's)(v / 2a 7 Ci-^C3-e) 
a't + l)(2a'Ci • A; 2 C 3 • A; 2 )( v / 2a 7 e • k 3 
a't+l)(v^a 7 Ci • ^Cs -e) 



+ 



+ 



= 0. 
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• Case 4: Type II singlet zero-norm state In this case, we replace the polarization tensors 



follows: -> 3a'k 2fl k 2u + and -> \j^-(hfa^ - iV^j 

6a' 2 (ki ■ k 2 ) 2 + olk\ - 5c/ ki ■ k 2 + ia'h ■ V 



2a'e^ u ki k\ — v2a'e • k\ 
-Aa'e^k^k^ 



loie^kl - V^e ■ k 3 



= ^(c/s - l) 2 + |(a's - 1) = ^(a's)(c/s - 1) + (a' 

— \2a 2 k\ ■ k 2 k 2 ■ k 3 — 2a' ki ■ k 3 
= -3(a't - l)(a's - 1) - (a't + a's) 

6a' 2 (k 2 ■ k 3 ) 2 + a'kl - 5a'k 2 ■ k 3 + ia'k 3 ■ V 

= -(a't - l) 2 + -(a't - 1) = -(a'i)(a't - 1) + (a't 
2 2 2 

(-6a' h ■ A; 2 )(v / 2o 7 Ci • fa) ~ V^Ci • fci 

+5v / 2^ 7 Ci ' fa - V^id ■ V 
= 3(a's + l)(v / 2a 7 Ci • fa) - V2a'(i ■ k 2 

(6a' k 2 ■ fc 3 )(v / 2^ 7 Ci ' fa) + v^Ci ' h 
= -3(a't - l)(-s/2o'Ci • + v^Ci • ^3 

(-6a'A; 2 • k 3 )(V2rt( 3 ■ k 2 ) - V2rt( 3 ■ k 3 

+5v / 2^ 7 Cs • h - V^iCs ■ V 
= 3(a't + l)(V2rt( 3 ■ k 2 ) - V2rt( 3 ■ k 2 

(6a'h • k 2 )(V2a7( 3 • k 2 ) + v^Cs • fa 
= -3(a's - l)(v^C3 ' fa) + v^Cs • fa 

-6a' Xi ■ fa ( 3 ■ k 2 - Ci • Cs- 
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r(-^t-i)r(-^-i) 

^ TPMP " r(-a't-a's + 2) X 

(a't)(a't - l)(Ci • Cs - 2a'Ci • &3C3 • fo) [f (a's)(a's - 1) + (a's - 1) 



(a't + 1) (a's + 1) < 



+ (a't) (a's) (Ci • Cs - 2a'Ci • A; 3 C 3 • h) 



- 3(a't- l)(a's- 1) 



+ (a's)(a's - l)(Ci • Cs - 2a'Ci • A; 3 C 3 • fci) f (a't)(a't - 1) + (a't - 1) 



(a't + 1) (a't) 
(a't - 1) 



2a'Ci • ^Cs • fci |(a's)(a / s - 1) + (a's - 1) 



+v / 2a 7 C 3 • h 



- 3(a's + l)(V2a'Ci ■ fo) 



+ 



(a't + 1) (a't) 
(a's + 1) 



- 2a'Ci • h( 3 ■ k 2 Ua's)(a's - 1) + (a's - 1) 



+(a't + a's - 1) < 



+ 2a'Ci • fc 2 Cs • h 



^Cs • fci 



3(a't- l)(a's - 1) 
+ (a't + a's) 
- 3(a't-l)(V2a 7 ( 1 -k 2 ) 
+ V^Ci ■ h 



x < 



+ 



(a't + 1) 
(a's + l)(a's) 



2a'Ci • k 2 ( 3 ■ ki | (a't) (a't - 1) + (a't - 1) 



+ 2a'd • fcsCs • h 



3(a't-l)(a's - 1) 
+ (a't + a's) 
- 3(a's-l)( v / 2^ 7 C3-A: 2 ) 



+ 



+ 



(a't + a's) 
(a't + a's - 1) 



(a's + l)(a's) 
(a's - 1) 



(a't + 1) (a't) 



-2a'Ci • A; 3 C 3 • k 2 | (a't) (a't - 1) + (a't - 1) 



- 3(a't + l)( v / 2a 7 C3- h) 



-2a'Ci • A; 2 C 3 • k 2 |(a's)(a's - 1) + (a's - 1) 



+x/2a 7 C 3 • A: 2 



(a't+ 1) 
(a's + 1) 



- 3(a's + l)(v / 2a 7 Ci • h) 

2a' Ci • k 2 ( 3 ■ k 2 3(a't - l)(a's - 1) + (a't + a's) 

- 3(a's-l)(V2a 1 ( 3 -k 2 ) 

+ V^Cs-h 

+ (in'Ci •/•••> • Ci • c,,, • • ln\ 3 • /,- 2 

- 3(a't-l)( v / 2a 7 Ci-A: 2 ) 



+ (a's + l)(a's) 



-2a'Ci • A; 2 C 3 • k 2 \(a't)(a't - 1) + (a't - 1) 



+ V2a 7 Ci ■ k 2 



- 3(a't + l)(V2a 1 Cs-k 2 ) 

4- \FXn?t» ■ k„ 
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r(-a't - l)F(-a's - 1) 



x 



(a't + l)(a's + l) 



+(a't + a's - 1) 



x < 



+(a't + a's)(a't + a's - 1) 



T(-a't - a's + 2) 

(a't)(a't - l)(a's - l)(Ci • Cs - 2a'Ci • fc 3 Cs • fci) 
- (a't) (a's) (a't + a's)(Ci • Cs - 2a' (i • fcsCs • fci) 
+ (a's) (a's - l)(a't - l)(Ci • Cs - 2a'Ci • fc 3 Cs • fci) 
-(a't + l)(a't)(a't - l)(a's + 1) (2a'Ci • fc 2 Cs ■ h) 
-(a't + l)(a't)(a's + l)(a's - 1) (2a'Ci • A; 3 C 3 • k 2 ) 
+ (a't + 1) (a't) (a's + l)(a't + a's) (2a'Ci • A; 2 C 3 • h) 
-(a't + 1) (a't) (a's + 1) (2a'G • A; 3 C 3 • h) 
-(a't + l)(a's + 1) (a's) (a't - 1) (2a'Ci • & 2 C 3 • fci) 
+ (a't + l)(a's + 1) (a's) (a't + a's) (2a'Ci • fc 3 Cs • fa) 
-(a't + l)(a's + l)(a's) (2a'Ci • fc 3 Cs • fci) 
-(a's + 1) (a's) (a's - l)(a't + 1) (2a'Ci • fc 3 Cs • fa) 

-(a't + 1) (a't) (a's + 1) (2a'Ci • fc 2 Cs • fa) 
+ (a't + l)(a's + l)(a't + a's) (2a'G • fc 2 Cs • fa) 
-(a't + l)(a's + 1) (2a'Ci • fc 2 Cs • fci) 
-(a't + l)(a's + 1) (2a'Ci • fc 3 Cs • fa) 
+ (a't + l)(a's + 1) Ci'Cs 
-(a's + 1) (a's) (a't + 1) (2a'G • fc 2 Cs • fa) 



= 0. 



(102) 



VI. SUMMARY AND DISCUSSION 



In this paper, we study the bosonic open string theory in the linear dilaton background. 
Based on the operator formulation, we calculate the physical state spectrum of the stringy 
excitations up to the first massive level and the tree-level scattering amplitudes among these 
physical states. To be specific, we obtain the following new results: 

(1) We obtain the physical state conditions in the old covariant first quantization spectrum 
up to the first massive level. 

(2) We obtain the normal-ordered vertex operators corresponding to the physical states 
and show that they satisfy the conformal algebra. 
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(3) Based on oscillator representation and coherent state method, we calculate three-point 
and four point stringy scattering amplitudes among tachyon, photon, and spin-two 
tensors. 

(4) We verify the decoupling of zero-norm states in the on-shell stringy scattering ampli- 
tudes for the three and four-point functions under consideration. These stringy Ward 
identities can be viewed as consistent checks for our calculations of stringy amplitudes. 
It also supports the idea of modified energy-momentum conservation rule in the defini- 
tion of inner product for the center of mass degrees of freedom through inner product 
Eq.(T53D 



The physical motivation for studying this particular time-dependent background is that 
this is the simplest example one can study the issue of high-energy symmetry and the 
background independence of string theory in a q uantitative way. For detailed explanations 



and the physical implications, please refer to 33j. In order to realize the universal property 



of the high-energy stringy symmetry, one can connect two fixed-points in the moduli space 
of string theory by a continuous path, and we should be able to map out the spectral flow 
of stringy spectrum and observe the deformation of the high-energy stringy symmetry as we 
move from one fixed point to another. 

Indeed, our results in this paper already provide some hints of this idea. Specifically, 
from the result (1), we can see that there is a clear deformation of physical state condition 
as we change the gradient of dilaton field V^. One can also see that if we turn off the 
linear dilaton field, all the vertex operators in result (2) are identical to the standard flat 
space-time vertex operators. Finally, with the general definitions of (deformed) kinematic 
variables, including Mandelstam variables, Eq. fl62|) . we find that there exists no apparent 
dependence of the dilaton gradient in the stringy scattering amplitudes. Consequently, the 
zero-dilaton limits of the stringy scattering amplitudes in the result (3) naturally coincide 
wit those of flat space-time. 

Our explicit checks of the stringy Ward identities (result (4)) provides a concrete example 
of deformation of stringy gauge symmetry (including massive excitations) as we migrate in 
the moduli space. To see the connection with high-energy stringy symmetry, we need to 
specify the kinematic set-up and perform a systematic expansion of all kinematic variables 
to obtain the high-energy limits. These calculations are reported in j^]. 
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APPENDIX A: USEFUL COMMUTATION RELATIONS 



Based on fundamental commutation relations 



[«]= n<Wr and [a?, I T]=irr. 



One can derive the following equalities 

ckq, exp (ik ■ X ) 
exp (zfc • XJ) 
<,exp (ifc • X+) 



exp (ifc • X ) 
^Fe inr exp (ifc • X_) (n > 0) 
^k^e^ exp (ifc • X+) (n < 0) . 



From this it is easy to see 



For normal-ordering calculation, 



^'k^e inT V T (VneZ). 



XI, exp (ik-X_) 



n=l m=l 

oo 

= 2a'P exp (iJfe • X_) ^ 1 = -a'F exp (ik ■ X_) 



n=l 



x»x v _ 



n=l 



n=l 

oo 

2a y( ^ n) = 



n,m=l 

oo 



6 



A^,exp 



n=l 



^n<e-'" r , exp (v^A; • ^ — e imr ) 

m=l 

ik»a' 
~6 



(Al) 
(A2) 
(A3) 



(A4) 



(A5) 



(A6) 



= -2ia'k» exp (ik ■ X_) [ ^ n ) = exp ( ik ' ' ( A7 ) 



n=l 
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In the calculation of the 4-point scattering amplitudes, the following formulae are useful: 

oo n 

exp [ik -X + (l)], exp [ik' ■ X_{y)]\ = exp f - 2a' k ■ k'J^ — ) exp [ik' ■ X_(y)] 



n=l 



= (l-y)^ k - k 'e W [ik'-X_(y)} 

oo 

exp[^.X + (l)],^(y)] = -2a'k»J2y ne Mik-X + (l)} 

n=l 



i-y 



exp [ik-X+(l)] 



exp[ik-X+(l)],X!t(y)\ = -2ia'fc" j^raj/ n exp [ifc • X + (l)] 



71=1 



^ia'k^y 



exp [iJfe.X+(l)] 



A£(l),exp [ifc.Xo(y)] 



C-X + (l),X^(y) 



(l-l/) 2 
[2«y,exp (iA;-a;)]y 2a ' fc -V' fc2 
2a'Pexp [ifc • X (y)] 

oo oo 



71=1 

OO 



771=1 



oo oo 

V2Q:' a n , zV 2a' ma- m y r 



71=1 

oo 



771=1 



2aV ^ n V 



71=1 



2^(1 + y)y 



C-X + (l).exp 



2a'C • ky 
1-1/ 



(A8) 



(A9) 



(A10) 



(AH) 



(A12) 



(A13) 
(A14) 



APPENDIX B: USEFUL FOUR-POINT FUNCTIONS 



A, 
Z 

w 



= zw, 

: zero mode part of A 4 
: nonzero mode part of At 
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(0; 1 exp(i/c 3 ■ x) exp(zfc 2 ■ x) exp(— a'k 2 ■ Vr) exp(2ia'k 2 ■ pr) exp(ia'klr)\0; fa) 
(0; fa\ exp(ik 3 ■ x) exp(ik 2 ■ x)\0; fa) exp(2afa • k 2 r) exp [ia'k 2 ■ (fa + iV)r\ 
exp[i(2a' fa ■ k 2 — rn^)T\5{k* A — k 3 — k 2 — hi) 



y 



2a'ki-k2— m| 



5(k* 4 - fa- fa- fa) 



-a's-\-m\ 



w 



(01 exp(V V2rtk 2 • — ) exp(- V ^2dk 2 ■ — ) x 

ra=l n=l 

oo oo 

x exp( V V^fa ■ ^y m ) exp(- V • — ?T m )|0> 

z — / m z — / m 

m=l m=l 

oo oo 

(0| exp(- ^2^'fa ■ — ) exp(^ v 7 ^ 7 ^ • ^y m ) |0) 



n=l 
oo 



m=l 



m 



exp(-2a' k 2 ■ k 3 — ) 
z — ' n 

n=l 

exjp[2a'fa • k 3 ln(l - y)\ 

(1 _ yy a>t + m l+ m l 



= y- a ' s + m t(l _ yyoL't+ml+ml^ 



(Bl) 



P = (0,fa\V T {fa,l)V T {fa,y)( ■ a^O^fa) 

= (0, fa\V T (fa, 1) [v T (k 2 , y),C- a_i] |0, fci) + (0, fc 4 | [v T (fc 3 , 1), C • V T (fc 2 , y)|0, fci) 
= -VMC ■ ^y- 1 + C • A: 3 )A 4 . (B2) 

In the second line, we use the Eq.( ]A3|) in Appendix lAl 
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